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Scaling Zero-Knowledge: Comparative MSM Acceleration Across CPU, GPU, and
HPC Platforms

by Raham Butt

Zero-knowledge proofs (ZKPs) have moved from theoretical cryptography into pro-
duction systems for blockchain scalability, privacy-preserving identity, and verifiable
computation, but their practical deployment is constrained by the cost of proof gen-
eration. Within modern proof systems, multi-scalar multiplication (MSM) on elliptic
curve groups consumes between 70 and 90 percent of total prover runtime, making it
the dominant target for hardware acceleration.

This thesis presents a comparative performance analysis of MSM acceleration
across three hardware tiers: a CPU baseline, a single consumer-grade GPU (NVIDIA
RTX 4080), and a multi-GPU HPC cluster (Hofstra’s StarHPC, with eight-device A100
and H100 nodes). The implementation targets the Pallas elliptic curve and integrates
with the Nova folding-scheme prover through a feature-gated substitution at Nova’s
commitment trait, leaving the upstream codebase otherwise unmodified. The GPU
implementation evolves through four design points: a shared-memory spinlock
baseline whose performance is structurally bounded by an SM occupancy ceiling of
16.7%; a sort-based Pippenger redesign using CUB radix sort with 12-bit signed-digit
windows that lifts buckets out of shared memory entirely; partition-based concurrent
streams that overlap memory transfers with kernel execution; and a batch API exposing
proof-system-level concurrency to the device. The multi-GPU extension partitions
input across all visible devices, runs an independent sort-based pipeline per device,
and merges partial results on the host without inter-device communication.

Empirical results across input sizes from 100,000 to 200 Million scalar–point pairs
yield platform selection guidelines mapping input size to optimal hardware tier,
demonstrating that memory-architecture awareness, rather than raw parallelism,
governs efficient ZKP acceleration on GPUs.
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Chapter 1

Introduction

This chapter establishes the foundational context for understanding zero-knowledge
proof systems and the need for their acceleration. Section 1.1 introduces zero-
knowledge proofs and their formal properties. Section 1.2 discusses the motivation
for hardware-accelerated ZKP systems. Section 1.3 surveys the primary applications
driving ZKP adoption. Finally, Section 1.4 presents the research objectives and outlines
the structure of this thesis.

1.1 What are Zero-Knowledge Proofs?

A Zero-Knowledge Proof (ZKP) is a cryptographic protocol that enables a prover to
convince a verifier of the truthfulness of a mathematical statement while revealing no
information beyond the validity of the statement itself. This concept can be illustrated
through a common analogy: authenticating a password on a website without ever trans-
mitting the password to the server. ZKPs constitute an integral component of what the
National Institute of Standards and Technology (NIST) designates as Privacy-Enhancing
Cryptography (PEC) [1].

ZKPs are characterized by three formal properties, which serve as foundational pil-
lars for any valid zero-knowledge protocol [2]. The first property is completeness: if a
statement is true, an honest prover can convince an honest verifier of its validity. The
second property is soundness: a cheating prover cannot convince a verifier of a false
statement, except with negligible probability. The third and most critical property is
zero-knowledge: if the statement is true, the verifier learns nothing beyond the fact that
the statement is true. This property implies that any computation the verifier might
perform to validate the statement could be executed without any interaction with the
prover.

Zero-knowledge proofs are not a recent development; they were first introduced by
Goldwasser, Micali, and Rackoff in 1985 [2]. Goldreich, Micali, and Wigderson subse-
quently demonstrated that zero-knowledge proofs exist for all languages in NP, estab-
lishing the broad theoretical applicability of the paradigm [3]. However, they remained
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largely theoretical for decades due to computational constraints. In recent years, the
technology has experienced a significant surge in popularity, interest, and adoption,
driven primarily by blockchain scalability requirements and growing privacy demands.
The global zero-knowledge proof market was valued at approximately USD 1.28 billion
in 2024 and is projected to reach USD 7.59 billion by 2033, representing a compound
annual growth rate of 22.1% [4].

1.2 Motivation for Zero-Knowledge Proofs

While zero-knowledge proof systems have become essential building blocks for modern
cryptographic applications, the computational complexity of proof generation remains
a significant barrier to widespread adoption. ZKP operations involve extensive large-
integer arithmetic, with elliptic-curve operations employing integers of 254–256 bits,
as seen in curves such as BN254 [5] and the Pasta cycle [6]. These operations are fun-
damentally mismatched with general-purpose CPUs optimized for 64-bit word sizes,
creating a computational bottleneck that dominates proof generation time. In partic-
ular, Multi-Scalar Multiplication (MSM) operations typically consume 70–90% of total
proof generation runtime [7], [8].

This performance gap between theoretical capabilities and practical deployment has
motivated the development of hardware acceleration solutions. Among the available
platforms, Graphics Processing Units (GPUs) have emerged as a particularly attractive
target: their massive thread-level parallelism is well matched to the structurally regu-
lar bulk-arithmetic profile of MSM, and their broad availability, from consumer cards
to datacentre accelerators, makes them accessible across a wide range of deployment
scenarios. The same characteristics that make GPUs effective on a single device also
extend to multi-device clustering, where commitments over very large input sets can be
partitioned across multiple accelerators within a high-performance computing (HPC)
node.

Despite the availability of these acceleration paths, a gap exists in systematic empir-
ical comparison across the spectrum of GPU-class hardware. Prior work has evaluated
individual platforms in isolation [7], [9]–[11], but comprehensive benchmarking with
consistent workloads spanning a single CPU baseline, a consumer GPU, and an HPC-
class multi-GPU cluster, remains lacking. This gap motivates the comparative analysis
presented in this thesis, which aims to provide empirical guidance for hardware plat-
form selection in ZKP applications.
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1.3 Applications of Zero-Knowledge Proofs

Although ZKPs have existed for several decades, the most substantial development in
the field has occurred within the last decade, largely attributable to the rise of cryp-
tocurrencies. Primarily, ZKPs are employed to facilitate secure and privacy-preserving
transactions through technologies such as zk-SNARKs [12], which generate proofs of
transaction validity while preserving the integrity and privacy of both transacting par-
ties. A prominent application is Zcash, which employs zk-SNARKs to enable fully pri-
vate cryptocurrency transactions [13]. The use of zk-SNARKs also enables scalability
solutions such as zk-rollups, which aggregate multiple transactions into a single proof
for on-chain verification [14].

Beyond cryptocurrency applications, ZKPs have found utility in several other do-
mains. In identity verification, ZKPs enable users to prove attributes about themselves,
such as age or citizenship, without revealing the underlying personal data, a capability
increasingly formalized through frameworks such as Verifiable Credentials [15]. In sup-
ply chain management, organizations can prove compliance with regulations without
exposing proprietary business information. In voting systems, ZKPs can ensure ballot
integrity while preserving voter privacy.

Zero-knowledge virtual machines (zkVMs) represent an emerging application area
that enables general-purpose verifiable computation [16]. Systems such as Nexus zkVM
have demonstrated significant performance improvements through algorithmic innova-
tions, underscoring the potential for optimization through both software and hardware
acceleration. These diverse applications highlight the growing importance of efficient
ZKP implementations and the need for hardware acceleration to make such systems
practical at scale.

1.4 Research Objectives

This thesis presents a comparative performance analysis of hardware acceleration plat-
forms for zero-knowledge proof systems. The primary objective is to provide empirical
insights into the trade-offs between latency, throughput, and scalability for Multi-Scalar
Multiplication (MSM) acceleration across CPU, single-GPU, and multi-GPU HPC plat-
forms.

The specific research objectives are as follows:

1. Implement an MSM kernel for the Pallas elliptic curve [6] that integrates cleanly
with the Nova folding-scheme prover [17], using Montgomery modular multipli-
cation [18] as the underlying field-arithmetic primitive.
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2. Benchmark this implementation against Nova’s upstream CPU MSM across input
sizes ranging from 100 thousand to 200 Million scalar–point pairs, on both a local
workstation and an HPC compute node.

3. Extend the single-GPU implementation to a multi-device configuration on Hofs-
tra’s StarHPC cluster, and evaluate it on eight-GPU nodes equipped with NVIDIA
A100 and H100 accelerators.

4. Characterize platform performance under systematically varied input sizes and
partition parameters, identifying the architectural and algorithmic factors that
govern speedup at each tier.

5. Develop platform selection guidelines that map application requirements — in-
put size, batch structure, and deployment context — to the appropriate hardware
choice.

The remainder of this thesis is organized as follows. Chapter 2 provides background
on the Nova folding scheme, the Pasta cycle of curves, the Pippenger MSM algorithm,
and prior GPU acceleration work for ZKP systems. Chapter 3 describes the Nova frame-
work as a software artifact: the provider abstraction at which hardware acceleration is
inserted, the upstream CPU MSM that serves as the performance baseline, and the tar-
get hardware platforms used throughout the evaluation. Chapter 4 presents the GPU
implementation, including the CUDA programming model, the underlying field and
curve arithmetic, and the architectural progression from a shared-memory baseline ker-
nel through sort-based Pippenger and multi-GPU scaling. Chapter 5 describes the ex-
perimental setup, including the SLURM job configuration, benchmark methodology,
and verification harness. Chapter 6 presents results and analysis across all platforms.
Finally, Chapter 7 concludes the thesis and discusses future work.
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Chapter 2

Background and Related Work

This chapter establishes the technical foundations on which the remainder of the thesis
builds. Section 2.1 introduces the Nova folding scheme and identifies the recursive ar-
gument structure that motivates the curves and operations targeted by this work. Sec-
tion 2.2 formalises multi-scalar multiplication (MSM) and explains, at the algorithmic
level, why it dominates proof generation time in folding-based systems. Section 2.3
describes the Pallas/Vesta cycle of curves, which Nova uses to instantiate its recursion
efficiently and which defines the arithmetic substrate of the GPU implementation pre-
sented in later chapters. Section 2.4 surveys prior hardware acceleration efforts on FP-
GAs and GPUs, positioning the contribution of this thesis within the existing literature.

2.1 The Nova Folding Scheme

Nova, introduced by Kothapalli, Setty, and Tzialla [17], is a recursive argument
system for incrementally verifiable computation (IVC), a primitive first formalised
by Valiant [19]. Unlike SNARK-based recursion, which requires a full proof to be
generated and verified at every step of the computation, Nova defers succinct proving
to the end and instead folds successive computation steps into a single accumulating
instance. This substitution of folding for in-circuit verification is the central source of
Nova’s efficiency: each recursive step costs roughly two group scalar multiplications
rather than a full SNARK verification circuit.

At the core of the construction is a generalisation of the Rank-1 Constraint System
(R1CS) known as relaxed R1CS. A standard R1CS instance over a prime field Fp is spec-
ified by matrices A, B, C ∈ Fm×n

p and is satisfied by a witness z ∈ Fn
p when

(Az) ◦ (Bz) = Cz,

where ◦ denotes the Hadamard (entry-wise) product. Relaxed R1CS introduces a scalar
u ∈ Fp and an error vector E ∈ Fm

p , yielding the relation

(Az) ◦ (Bz) = u · (Cz) + E.
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The additional slack allows two satisfying instances to be linearly combined into a third
satisfying instance with a new error term, which is precisely what folding exploits.

A Nova folding step operates on two committed relaxed R1CS instances, each con-
sisting of a Pedersen commitment to the witness z and to the error vector E, together
with public inputs. Given instances (U1, W1) and (U2, W2) and a Fiat–Shamir challenge
r, the prover computes a cross-term commitment and outputs a folded instance (U, W)

that is satisfying if and only if both inputs were satisfying, except with negligible proba-
bility [17]. Because each folded instance retains the same size as a single input instance,
the prover’s per-step state remains constant regardless of the number of computation
steps already folded.

The folding operation is cheap in absolute terms, but its dominant cost, and the cost
that scales with circuit size, is the computation of the Pedersen commitments required
to represent witnesses and cross terms as group elements. Each commitment of the
form Com(z) = ∑n−1

i=0 zi · Gi, where {Gi} is a public set of generators, is a multi-scalar
multiplication of length equal to the witness vector. For non-trivial circuits, n ranges
from 220 to 227 or more, placing MSM at the centre of Nova’s performance profile.

2.2 Multi-Scalar Multiplication

Given a vector of scalars s = (s0, s1, . . . , sn−1) ∈ Fn
p and a vector of elliptic curve points

P = (P0, P1, . . . , Pn−1) ∈ Gn, the multi-scalar multiplication problem asks for

R =
n−1

∑
i=0

si · Pi.

A naive evaluation performs n independent scalar multiplications followed by n − 1
point additions, giving complexity O(nλ) point operations for λ-bit scalars. This is
prohibitively expensive for the vector lengths required by Nova.

The standard optimisation is Pippenger’s bucket method [20]. Each λ-bit scalar is
decomposed into dλ/cewindows of c bits. For each window, the algorithm maintains 2c

buckets indexed by the window value; each input point is accumulated into the bucket
whose index matches its scalar digit. A summation-by-parts pass then reduces each
window’s buckets into a single window sum, and the window sums are finally com-
bined using Horner’s method. The total cost is dominated by bucket accumulation and
scales as O

(
nλ

log n

)
point additions, an asymptotic improvement that becomes decisive

for n in the millions.
For 256-bit scalars, a window size of c = 12 yields d256/12e = 22 windows with

212 = 4096 buckets per window; applying signed-digit recoding halves the effective
bucket count to 2048, which matches the configuration used in the implementation
described in Chapter 4. The bucket method exposes two forms of parallelism, across
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windows and across buckets within a window, that are essential for efficient hardware
implementations [21].

2.2.1 Multi-Scalar Multiplication as the Dominant Bottleneck

As noted in Section 1.2, empirical profiling of modern proof systems attributes 70–90%
of end-to-end proving time to MSM [7], [9]. This chapter refines that observation by
identifying the underlying causes, which in turn motivate the design choices made in
the GPU implementation.

First, MSM is arithmetically heavy but structurally regular. Each bucket addition is an
elliptic curve point addition over a 256-bit prime field, and each such addition decom-
poses into on the order of a dozen modular multiplications in the base field. A single
modular multiplication on a 256-bit prime requires a full Montgomery reduction [18],
which in turn expands to approximately 2k2 + k word-level multiply-accumulate oper-
ations for k-word operands. On a 64-bit CPU with k = 4, this amounts to tens of word
operations per modular multiplication and hundreds per point addition, and MSM per-
forms billions of them. The workload is thus a long sequence of narrow-integer opera-
tions with highly regular data flow, a profile that general-purpose CPUs handle poorly
but that massively parallel accelerators are well suited to exploit [22].

Second, the workload exhibits limited temporal locality but abundant task parallelism.
Successive points in the input stream touch unrelated buckets, defeating conventional
caches; however, partitioning the input into independent subsets enables straightfor-
ward data-parallel execution across cores, streams, or devices. This property is what
makes both multi-stream single-GPU execution and multi-GPU scaling tractable for
MSM, as explored in Chapters 3 and 4.

Third, for folding schemes specifically, MSM length grows linearly with the size
of the folded computation, whereas the rest of the Nova prover remains effectively con-
stant per step. As circuit sizes scale beyond 220 constraints, MSM’s share of total runtime
approaches unity, and any improvement to proving latency or throughput is necessarily
an improvement to MSM.

2.3 The Pallas/Vesta Cycle of Curves

Nova’s recursion relies on being able to verify, inside an arithmetic circuit, the elliptic
curve operations used to form commitments. A standard construction instantiates the
prover’s commitments on a curve E1 defined over a base field Fp whose scalar field is
Fq. Verifying an E1 commitment inside a circuit requires that circuit’s native field to be
Fp, that is, the circuit must itself be arithmetised over the field in which E1’s coordinates
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live. Recursing back then requires a second curve E2 whose base field is Fq and whose
scalar field is Fp, so that E2-commitments can in turn be verified inside an Fq-circuit.

A pair of curves (E1, E2) with this property is known as a cycle of curves. The con-
struction originates with the Halo proof system of Bowe, Grigg, and Hopwood [23],
which first exploited a cycle to eliminate the trusted setup required by earlier recursive
SNARKs. The Pallas and Vesta curves, specified as part of the Halo 2 toolchain [6], form
such a cycle: both are Weierstrass curves of the form y2 = x3 + 5 with prime order, and
both expose efficient field arithmetic near the 256-bit word boundary. Concretely, Pallas
is defined over the field

p = 2254 + 45560315531419706090280762371685220353,

and Vesta is defined over the field

q = 2254 + 45560315531506369815346746415080538113,

with the scalar field of Pallas equal to Fq and the scalar field of Vesta equal to Fp [6].
Two properties make the Pasta cycle attractive for Nova [24]. First, neither curve

is pairing-friendly, so there is no low-embedding-degree security concern, and both
achieve approximately 128-bit classical security. Second, both fields admit efficient
Montgomery reduction with small, structured moduli, which simplifies modular arith-
metic in both software and hardware implementations. The Nova reference imple-
mentation uses the Pasta cycle for precisely these reasons, and the GPU acceleration
presented in this thesis targets Pallas as the commitment curve on which MSM is per-
formed. Chapter 3 details the Montgomery arithmetic layer specific to Pallas and shows
how the underlying field structure influences kernel design.

2.4 Prior Hardware Acceleration Approaches

The performance pressure created by MSM has driven a sustained line of research on
hardware acceleration for zero-knowledge proof systems. This section surveys the two
platforms that have received the most attention, FPGAs and GPUs, and identifies where
the present work extends the state of the art.

2.4.1 FPGA-Based Approaches

Field Programmable Gate Array implementations have targeted MSM acceleration by
exploiting fine-grained control over datapaths and memory hierarchy. PIPEMSM [8] is
a representative example: it implements a fully pipelined bucket-method MSM on a Xil-
inx UltraScale+ device, overlapping point addition with bucket lookup through custom
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on-chip BRAM structures. The authors report throughput improvements of roughly 3×
over contemporary CPU baselines for BN254 MSM, at the cost of significant develop-
ment effort and a fixed window-size configuration baked into the bitstream.

MSMAC [25] takes a complementary approach, proposing a hardware/software co-
designed accelerator in which the FPGA handles the inner bucket-accumulation loop
while a host CPU manages scalar recoding and final window reduction. This partition
reduces on-chip resource pressure and enables support for multiple curves from the
same bitstream, but introduces PCIe transfer overheads that limit speedup on smaller
problem sizes. Related work on FPGA Montgomery multipliers for BN254 on Xilinx
Alveo platforms [26] has further demonstrated the viability of FPGA-based modular
arithmetic at the word widths required by ZKP workloads.

More recent efforts have explored cloud FPGA deployment, notably on AWS F1 [27]
and F2 [28] instances, in an attempt to reduce the capital barrier to entry. These sys-
tems achieve deterministic latency and favourable energy efficiency, but they share three
structural limitations relevant to the present work. First, reconfiguration cost is non-
trivial, so parameter changes (such as window size or curve choice) typically require
bitstream rebuilds. Second, the highest-throughput designs rely on operand widths
and bucket counts that are tuned for a specific curve, limiting portability across the
Pasta cycle. Third, peak throughput is bounded by on-chip BRAM capacity, which con-
strains the achievable degree of parallelism for the 212-bucket configurations favoured
by modern MSM implementations.

2.4.2 GPU-Based Approaches

GPU implementations trade the fine-grained control of FPGAs for massive thread-level
parallelism and a mature software toolchain. CUZK [7] was among the first systems
to demonstrate that a carefully engineered CUDA implementation of MSM could out-
perform optimised CPU baselines by an order of magnitude on BLS12-381. The design
uses sparse-matrix representations of the bucket accumulation phase to expose regular
parallelism and relies on warp-level primitives for reduction. GZKP [11] extended this
line of work with a parallel bucket-method variant that decouples window processing
from bucket reduction, reporting up to 8× speedup over prior GPU baselines for large
instances. Production-grade sort-based MSM kernels developed for the ZPrize compe-
tition [29] demonstrated that CUB radix sort combined with stream-level pipelining can
sustain high throughput on commodity NVIDIA hardware, a design pattern adopted
and extended in Chapter 4.

Multi-GPU scaling has been investigated by DISTMSM [10] and, more recently, by
the multi-GPU MSM framework of Ji et al. [9], both of which partition the input across
devices using a static point decomposition and reduce partial results on the host. These
works report near-linear scaling up to four GPUs for BN254 MSM, with efficiency falling
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off at larger device counts due to reduction and host-side synchronisation costs. A sep-
arate line of work, exemplified by the ICICLE library [30], provides production-grade
CUDA primitives for several curves and proof systems, but emphasises ease of integra-
tion over aggressive per-curve tuning. Recent performance characterisation studies [22]
have further quantified the occupancy and memory-bandwidth constraints that shape
GPU ZKP performance.

Two observations emerge from this body of work and motivate the present thesis.
First, the vast majority of published GPU MSM results target BN254 or BLS12-381; Pallas
has received comparatively little attention despite its centrality to Nova and to Halo 2-
derived systems. Differences in field modulus structure and curve form mean that re-
sults from BN254 implementations do not transfer directly, and a Pallas-specific imple-
mentation is required to characterise folding-scheme performance. Second, most prior
multi-GPU evaluations stop at four devices and at problem sizes below 100M points;
the behaviour of sort-based Pippenger MSM at the scale enabled by eight A100 or H100
devices, and across the K-partition design space, has not been systematically reported.
Chapters 4 and 5 address both gaps directly.
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Chapter 3

The Nova Framework and Target
Platforms

The two chapters that follow describe the GPU acceleration developed for this thesis
and the experimental campaign that evaluates it. Before presenting modifications, how-
ever, it is necessary to establish what the modifications are to: the Nova prover is not
a monolith but a Rust library with an internal structure that dictates where hardware
acceleration can be inserted, and the machines on which the acceleration has been evalu-
ated span two distinct classes of hardware, a consumer workstation and an institutional
HPC cluster, each with its own architectural character.

This chapter is therefore descriptive rather than constructive. Section 3.1 gives an
overview of the Nova codebase on which the implementation is built. Sections 3.2–3.4
trace the path from the folding prover down to the CPU multi-scalar multiplication rou-
tine that serves as the performance baseline in Chapter 6. Section 3.5 identifies the spe-
cific trait methods at which hardware acceleration can be introduced without disturbing
the surrounding prover logic. Section 3.6 describes the five hardware targets (two CPUs
and three GPUs) against which the implementation of Chapter 4 is benchmarked.

3.1 The Nova Codebase

The implementation is built against a fork of the Nova reference implementation main-
tained by Microsoft Research [17], hereafter referred to as Nova-gpu. No part of the up-
stream folding logic, constraint-system machinery, or Fiat–Shamir transcript has been
modified in the course of this work; the fork adds a GPU code path alongside the exist-
ing CPU path and leaves the rest of the repository verbatim. Establishing which parts
of the upstream codebase are touched, and which are not, is the purpose of this chapter.

At the top level, the upstream repository is organised as a Cargo workspace whose
root crate, nova-snark, exposes the public prover and verifier API. Within that crate,
the source tree divides cleanly into four functional areas. The traits module defines
the abstract interfaces; Engine, Group, TranscriptEngineTrait, and their associated
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types, in terms of which the folding prover is written. The nova module (containing
mod.rs and nifs.rs) and the r1cs module together contain the folding machinery it-
self: the non-interactive folding scheme, the relaxed R1CS structures, and the Recur-

siveSNARK driver that composes the two into an end-to-end incrementally verifiable
computation. The spartan module implements the zkSNARK used to compress the fi-
nal folded instance. The provider module, on which this chapter concentrates, contains
the concrete curve and commitment-scheme backends that satisfy the traits defined in
traits. Nova’s reference implementation supports three curve cycles; Pallas/Vesta,
BN254/Grumpkin (named bn256_grumpkin in the source tree), and secp/secq, and a
corresponding provider module exists for each.

The significance of this separation for hardware acceleration is that the folding
prover and the SNARK compressor never reference a concrete curve directly. They
operate exclusively through trait methods, and the provider module is the only location
where those methods resolve to curve-specific arithmetic. Any acceleration effort that
preserves the trait contracts is, by construction, confined to the provider layer.

3.2 The Provider Abstraction

The provider layer is organised around a small set of traits that together describe what
Nova requires of a curve backend. Three are relevant to the present work.

Engine is the top-level trait that bundles a scalar field, a base field, a group, a hash-to-
group function, a commitment engine, and a transcript engine into a single associated-
type collection. A concrete instantiation of Engine is what a caller passes to the folding
prover; for example, the Pallas-based prover is obtained by instantiating Nova’s generic
RecursiveSNARK with the PallasEngine type defined in the Pallas provider.

Group captures the minimal algebraic interface Nova needs from an elliptic curve:
identity, negation, addition, scalar multiplication, and serialisation. Every curve back-
end implements this trait for its group type.

DlogGroupExt extends Group with the operations specific to discrete-logarithm-
based commitment schemes. Among these, the operation of interest for this thesis is
the method

vartime_multiscalar_mul(scalars: &[Self::Scalar], bases:

&[Self::Affine]) -> Self,

which computes the multi-scalar multiplication ∑i siPi used by Pedersen commitments.
The folding prover never calls into curve arithmetic directly; every commitment it pro-
duces, whether to the witness vector z, to the error vector E, or to the cross term formed
during folding, is issued as a single invocation of vartime_multiscalar_mul against



Chapter 3. The Nova Framework and Target Platforms 13

the relevant group and a pre-generated set of public bases. Section 3.5 returns to this
method as the substitution point for GPU acceleration.

The trait discipline is tight. A correct provider implementation is required to pro-
duce, for any given inputs, the unique group element defined by the mathematical spec-
ification of the operation; the means by which it does so, whether CPU, GPU, FPGA, or
otherwise, is not constrained by the trait. This is what makes the provider layer the
natural insertion point for a hardware backend.

3.3 The Pallas Provider and Its Commitment Code Path

Nova’s Pallas provider lives at src/provider/pasta.rs in the upstream layout and de-
fines the PallasEngine type together with implementations of Engine, Group, and Dlog-

GroupExt for the Pallas curve. The curve arithmetic itself is not implemented in Nova;
it is delegated to the halo2curves crate, which provides optimised field and point oper-
ations for the Pasta cycle alongside a suite of other curves used by Halo 2-derived proof
systems. Pallas points, Pallas scalars, and the associated affine and projective types
referenced by the provider are all halo2curves types.

The commitment code path traversed by a single folding step can be traced
from the top-level RecursiveSNARK::prove_step entry point down to the innermost
curve operation. When the prover advances one step of IVC, it issues a sequence
of Pedersen commitments via the CommitmentEngineTrait::commit method defined
on the commitment-engine associated type of PallasEngine. This method reduces,
after minor bookkeeping, to an invocation of vartime_multiscalar_mul on the Pallas
group, with the scalar vector drawn from the witness or error data and the base
vector drawn from the public commitment key. Inside vartime_multiscalar_mul,
the provider dispatches to a CPU multi-scalar multiplication routine, the msm function
in src/provider/msm.rs (a Pippenger bucket-method implementation adapted from
zcash/halo2 and parallelised across input chunks via Rayon), that produces a Pallas
point as output.

Figure 3.1 summarises this path. Several features of it are worth noting. The
path is linear, with no branching on input size or system state; the prover always
reaches vartime_multiscalar_mul regardless of circuit, step index, or folding history.
The boundary between Nova and halo2curves falls at the bottom of vartime_

multiscalar_mul, which means that any alternative MSM backend can be introduced
without touching halo2curves at all. And the method signature fixes the representation
at the boundary: scalars arrive as a slice of pallas::Scalar values, bases as a slice of
pallas::Affine values, and a single pallas::Point is returned. These three types are
all that a replacement backend must accept and produce.
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RecursiveSNARK::prove_step

CommitmentEngineTrait::commit

DlogGroupExt::vartime_multiscalar_mul

CPU Pippenger (nova_snark::provider::msm::msm)

Field and curve arithmetic (halo2curves)

FIGURE 3.1: Upstream Pallas commitment code path. Each folding step’s
Pedersen commitments reduce to vartime_multiscalar_mul calls that
dispatch to the CPU Pippenger routine in Nova’s provider::msm module
(adapted from zcash/halo2). Chapter 4 introduces an alternative GPU

binding.

3.4 The Upstream CPU MSM Implementation

The CPU path reached at the bottom of Figure 3.1 is the same Pippenger bucket-
method implementation introduced in Section 2.2, here implemented locally in Nova’s
provider::msm module (adapted from the zcash/halo2 reference) and operating on
halo2curves-supplied field and curve primitives. The routine selects a window width
as a function of the input length, decomposes each scalar into windows of that width,
accumulates points into per-window buckets, reduces each window’s buckets into a
window sum via the summation-by-parts identity, and combines the window sums
using Horner’s method. Parallelism is obtained through rayon: when the input length
exceeds the number of available threads, the input is split into per-thread chunks, a
serial bucket-method MSM runs on each chunk, and the partial results are reduced on
the host. Within a chunk, bucket accumulation is sequential.

Two properties of this implementation bear directly on what follows. First, it is
correct by construction under the trait contract: the value it returns is the unique multi-
scalar multiplication defined by the inputs, modulo floating-point-free exact arithmetic.
This makes it the natural reference against which every GPU result in Chapter 6 is cross-
validated. Second, its performance envelope is bounded above by the available CPU
parallelism, the latency of a 256-bit modular multiplication on a 64-bit general-purpose
core, and the cache behaviour of the bucket data structure as n grows past the size
of the last-level cache. Chapter 6 quantifies these bounds empirically on the two CPU
platforms described in Section 3.6, and the resulting timings constitute the CPU baseline
against which GPU acceleration is measured.
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3.5 Extension Points for Hardware Acceleration

The contract described in Section 3.2 admits, in principle, a range of hardware backends.
In practice, the Nova codebase exposes exactly one extension point that is sufficient for
full acceleration of the folding prover’s commitment cost, and it is the method vartime_

multiscalar_mul on the Pallas provider’s DlogGroupExt implementation. A hardware
backend that replaces this method alone, accepting the same pallas::Scalar and pal-

las::Affine slices and returning a correct pallas::Point, accelerates every Pedersen
commitment issued by the prover without requiring any change elsewhere in the code-
base.

Two features of the Rust and Cargo ecosystems make this substitution clean in prac-
tice. First, the orphan rules permit a downstream fork to provide an alternative im-
plementation of a locally declared trait method without re-defining the trait, simply by
editing the provider file. Second, Cargo’s feature-flag mechanism supports compile-
time selection among alternatives, so that the upstream CPU path and a fork-local GPU
path can coexist in the same source tree and be chosen between at build time. Chapter 4
exploits both: the GPU backend is gated behind a pallas-gpu Cargo feature, and when
that feature is disabled the build is byte-identical in behaviour to upstream Nova, which
is what permits direct CPU-versus-GPU comparison on the same binary base.

No other part of the Nova repository is modified. The folding prover, the R1CS
structures, the transcript engine, the Spartan compressor, and the providers for
BN254/Grumpkin and secp/secq remain untouched. The claim of Chapter 6 that the
GPU prover produces the same recursive argument as the CPU prover, for the same
inputs, is a consequence of this discipline: the only component substituted is the one
whose output is fully determined by its inputs under the trait contract.

3.6 Target Hardware Platforms

The experimental campaign presented in Chapter 6 runs on five hardware targets:
two CPU baselines and three GPU configurations spanning consumer and datacentre
classes. This section describes each briefly; full software-stack and benchmark-
methodology detail is deferred to Chapter 5.

3.6.1 CPU Baselines

Local workstation CPU. The workstation on which the single-GPU implementation was
developed is equipped with an Intel Core i7-13700K (Raptor Lake) processor with 16
cores and 24 threads, comprising 8 performance cores with hyperthreading and 8 effi-
ciency cores. Performance cores run at a 3.4 GHz base clock with a 5.4 GHz maximum
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turbo frequency; efficiency cores at 2.5 GHz base and 4.2 GHz turbo. The cache hier-
archy provides 24 MB of L2 and 30 MB of shared L3. The CPU MSM baseline on this
machine uses all available cores through Nova’s rayon thread pool.

Cluster compute-node CPU. The two GPU compute-node classes in Hofstra’s
StarHPC cluster are provisioned with different host CPUs. Node gpu7, hosting the
H100 accelerators, runs two AMD EPYC 9334 processors (Genoa generation, Zen 4),
providing 64 physical cores and 64 hardware threads in aggregate at a 2.7 GHz base
clock. Node gpu1, hosting the A100 accelerators, runs two AMD EPYC 7513 processors
(Milan generation, Zen 3), providing 64 cores and 128 hardware threads in aggregate
at a 2.6 GHz base clock. The SLURM job specification used throughout the evaluation
requests 32 CPU cores per task, which bounds the rayon parallelism available to the
CPU baseline on the cluster. Reporting CPU results separately for the workstation
and the cluster isolates the effect of the baseline hardware from the effect of the GPU
hardware and prevents cross-platform speedup figures from conflating the two.

3.6.2 Consumer GPU: NVIDIA GeForce RTX 4080

The single-GPU implementation was developed and tuned on an NVIDIA GeForce RTX
4080, the consumer-class accelerator of the Ada Lovelace generation, built on the AD103
die in TSMC’s 4N process [31]. The card connects to the host via PCIe 4.0 x16. Per-device
specifications, including SM count, shared-memory budget, cache hierarchy, memory
capacity, and bandwidth, are summarised in Table 3.1 and treated in detail alongside
the GPU architecture discussion of Section 4.1.4.

The RTX 4080 represents the accessible end of the modern GPU spectrum. Its in-
clusion in the evaluation is motivated by the interest of characterising ZKP acceleration
on hardware that a single researcher can purchase rather than hardware that requires
institutional infrastructure.

3.6.3 HPC GPUs: NVIDIA A100 and H100

The multi-GPU implementation is evaluated on Hofstra University’s StarHPC cluster,
which hosts two eight-GPU nodes relevant to this work.

NVIDIA A100 SXM4 80GB (Ampere). Node gpu1 hosts eight A100 accelerators
in the SXM4 form factor, built on the GA100 die in TSMC’s 7 nm process [32]. Inter-
device communication within the node uses third-generation NVLink, providing 600 Gs
of aggregate GPU-to-GPU bandwidth.

NVIDIA H100 SXM5 80GB (Hopper). Node gpu7 hosts eight H100 accelerators in
the SXM5 form factor, the successor generation to the A100, built on the GH100 die in
TSMC’s 4N process [33]. Inter-device communication uses fourth-generation NVLink,
providing 900 Gs of aggregate GPU-to-GPU bandwidth.



Chapter 3. The Nova Framework and Target Platforms 17

Per-device specifications for both accelerators, alongside the RTX 4080 for reference,
are summarised in Table 3.1.

Parameter RTX 4080 A100 SXM4 80GB H100 SXM5 80GB

Architecture Ada Lovelace Ampere Hopper
Compute capability sm_89 sm_80 sm_90
Streaming multiprocessors 76 108 132
CUDA cores 9,728 6,912 16,896
Max shared memory per SM 48 KB 164 KB 228 KB
L2 cache 64 MB 40 MB 50 MB
Global memory 16 GB GDDR6X 80 GB HBM2e 80 GB HBM3
Peak memory bandwidth 717 GB/s 2039 GB/s 3350 GB/s
Inter-device interconnect N/A NVLink 3 NVLink 4
TDP 320 W 400 W 700 W

TABLE 3.1: Target GPU platforms for Chapter 6. Shared-memory figures
are the maximum opt-in values per SM. The RTX 4080 is a single-device
workstation accelerator; the A100 and H100 are deployed in eight-GPU

SXM nodes within the StarHPC cluster.

Three points from Table 3.1 shape the analysis in later chapters. First, SM count
increases monotonically from RTX 4080 through A100 to H100, but CUDA-core count
does not: the A100 has fewer CUDA cores than either consumer or successor accelera-
tor because its SMs carry fewer cores apiece. Chapter 6 separates the effect of SM count
from the effect of per-SM throughput on MSM performance. Second, shared-memory
capacity per SM differs by a factor of nearly five between the consumer and datacen-
tre platforms, which has direct consequences for any design that holds bucket state in
shared memory; this is revisited in the kernel-design discussion of Section 4.1.4. Third,
memory bandwidth scales faster than compute across the three platforms, which re-
shapes the balance between memory-bound and compute-bound phases of the MSM
pipeline as the hardware changes. These are the invariants against which the empirical
results of Chapter 6 should be read.
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Chapter 4

GPU Acceleration of MSM – Design
and Implementation

Chapter 2 established that multi-scalar multiplication dominates the prover cost in
folding-scheme constructions such as Nova. Chapter 3 described the framework into
which acceleration is inserted, namely the Nova provider abstraction at vartime_

multiscalar_mul, and the hardware platforms on which the implementation is
evaluated. This chapter describes the GPU implementation itself.

Section 4.1 introduces the parts of the NVIDIA GPU architecture and CUDA pro-
gramming model that bear directly on the design. Section 4.2 describes the arithmetic
substrate on which the implementation is built: Montgomery multiplication over the
Pallas base field, Pallas point addition in projective coordinates, and the signed-digit
scalar recoding used to parameterise Pippenger’s algorithm. Section 4.3 describes
the system architecture that bridges Nova’s Rust codebase to the CUDA kernels.
Sections 4.4 through 4.7 then describe the implementation itself in the order in which
its design evolved, progressing from a shared-memory baseline through the sort-based
redesign, the partition-based concurrent-stream pipeline, and the batch-and-multi-GPU
dispatch layer. Section 4.8 concludes with a qualitative comparison of the design points;
empirical evaluation is deferred to Chapter 6.

4.1 GPU Architecture and the CUDA Programming Model

The NVIDIA GPU presents an execution model fundamentally different from that of a
conventional CPU. Understanding the relevant features of that model is a prerequisite
for explaining why MSM is well suited to GPU acceleration in principle, and equally for
explaining the performance obstacles encountered in practice. This section summarises
the parts of the model that bear directly on the implementation; a comprehensive treat-
ment is available in the CUDA programming guide.
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4.1.1 Execution Hierarchy: SMs, Warps, and SIMT

A modern NVIDIA GPU is organised as an array of Streaming Multiprocessors (SMs).
Each SM contains compute units (CUDA cores), a private register file, a pool of shared
memory, and instruction-scheduling hardware. The NVIDIA GeForce RTX 4080 used
for the single-GPU experiments in this thesis has 76 SMs; the A100 and H100 accelera-
tors used in the HPC cluster described in Chapter 3 have 108 and 132 SMs respectively.

Work is launched onto the GPU as a grid of thread blocks. A block is a group of
threads that share a common shared-memory partition and a barrier-synchronisation
primitive; block size is capped at 1024 threads. The GPU scheduler assigns entire blocks
to SMs, and each SM executes one or more resident blocks concurrently, interleaving
their execution to hide memory latency.

Within a block, threads are grouped in hardware into warps of 32. The warp is the
fundamental unit of instruction issue: all 32 threads in a warp execute the same in-
struction in lockstep, operating on distinct data. This execution model, termed Single-
Instruction Multiple-Thread (SIMT), achieves high throughput when threads within a
warp follow the same control-flow path. Divergent branches cause the warp to exe-
cute each taken path serially, a phenomenon known as warp divergence that degrades
throughput. MSM on a GPU must therefore be designed so that control flow within a
warp is as uniform as possible, particularly within performance-critical inner loops.

4.1.2 Memory Hierarchy

The CUDA memory hierarchy exposes several distinct address spaces with sharply dif-
ferent bandwidth and latency characteristics. From fastest to slowest:

• Register file. Per-thread, on-chip, single-cycle access. Each SM on the RTX 4080
provides 65,536 32-bit registers, statically partitioned across resident threads.

• Shared memory. Per-block, on-chip, accessed in a small number of cycles. Each SM
on the RTX 4080 provides 48 KB of shared memory in the default configuration,
partitioned across resident blocks.

• L1 and L2 caches. On-chip, hardware-managed. The RTX 4080 has an L2 cache of
approximately 64 MB shared across all SMs.

• Global memory. Off-chip GDDR6X for the RTX 4080, HBM2e for the A100, HBM3
for the H100. Peak bandwidth ranges from 716.8 GB/s on the RTX 4080 to ap-
proximately 3 TB/s on the H100 SXM, but latency is on the order of hundreds of
cycles.
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Two properties of this hierarchy shape MSM performance. First, the shared-memory
budget per SM is a hard upper bound on how large the on-chip working set of a resi-
dent block can be. Second, global memory bandwidth, though substantial in absolute
terms, is an order of magnitude smaller than the equivalent aggregate shared-memory
throughput, and accesses must be coalesced (consecutive threads reading consecutive
addresses) to approach peak throughput.

4.1.3 Streams, Atomics, and Concurrency

CUDA streams are per-device FIFO queues of kernel launches and memory transfers.
Operations within a single stream execute sequentially; operations on distinct streams
may execute concurrently, subject to hardware resource availability. Explicit stream
management is the primary mechanism for overlapping host-to-device transfers with
kernel execution and for keeping multiple kernels in flight simultaneously. The sort-
based design introduced in Section 4.5 relies on stream concurrency to overlap the radix-
sort and accumulation phases of successive windows.

Atomic operations on shared or global memory, including atomicAdd, atomicCAS,
and atomicExch, provide a mechanism for lock-free coordination among threads. The
CUDA memory model, derived from the C++11 memory model, treats these operations
as relaxed atomics by default: they guarantee linearisability of the atomic variable it-
self but impose no ordering constraints on surrounding memory operations. Explicit
fences (__threadfence_block, __threadfence, __threadfence_system) are required to
establish release–acquire ordering between threads. The consequences of this model for
shared-memory bucket accumulation are discussed in Section 4.4.

4.1.4 Occupancy and the Role of Resource Pressure

A single SM can execute multiple resident blocks concurrently, but the number that ac-
tually fit is determined by the most constrained resource among registers, shared mem-
ory, and the warp-slot limit. The ratio of active warps on an SM to the hardware maxi-
mum is termed occupancy. High occupancy allows the warp scheduler to hide memory
latency by issuing instructions from other warps whenever one warp stalls; low occu-
pancy leaves stalls exposed, because the scheduler has no alternative work to interleave.

For MSM on a GPU, occupancy is the single most important performance determi-
nant, and it is governed almost entirely by shared-memory pressure. A bucket-based
Pippenger kernel must maintain a working set of 2c partial sums per window, each of
which is a curve point requiring three field elements. Any design that holds buckets
in shared memory is bounded above in window size by what fits in the SM’s shared-
memory budget; the structural consequences of this bound are made concrete in Sec-
tion 4.4 [22].
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4.2 Arithmetic Foundations for Pallas MSM

The performance of a GPU MSM kernel is determined only in part by the Pippenger
superstructure and its parallelisation strategy. The bulk of the actual work is field arith-
metic: billions of 256-bit modular multiplications and additions executed inside the
bucket-accumulation phase. This section reviews the arithmetic primitives on which
the implementation is built. The primitives themselves, namely Montgomery multipli-
cation in the Pallas base field and point addition in projective coordinates, are standard
constructions drawn from existing field and curve libraries; the implementation con-
sumes them but does not modify them. What matters for later sections is the represen-
tation in which data is held on the device, because the pipeline structure developed in
subsequent sections is shaped by where each representation change occurs.

4.2.1 Montgomery Form and Where It Is Used

Direct modular reduction after each field multiplication requires a division by the prime
p, which is expensive on any architecture that lacks a dedicated divider. Montgomery’s
method avoids this by representing each field element a ∈ Fp as its Montgomery trans-
form ã = aR mod p, with R = 2256 chosen to align with the word boundary. Multi-
plication of two Montgomery-form values, with an appropriate reduction step folded
into the inner loop, yields the Montgomery form of the product using only multiplica-
tions, additions, and bit shifts [18]. The standard Coarsely Integrated Operand Scanning
variant of this algorithm [21] is used by the underlying field library and its inner loop
is straight-line arithmetic, which avoids the warp-divergence hazard described in Sec-
tion 4.1.1.

Only field values on which the kernel performs arithmetic need to live in Mont-
gomery form. In the MSM pipeline developed here, this includes the point coordinates
(added repeatedly in the bucket phase) and the running bucket state (updated on every
addition), but not the input scalars: scalars are only inspected bit by bit during win-
dow decomposition, never multiplied. The consequences for data movement across the
Rust–CUDA boundary are described in Section 4.3.2.

4.2.2 Pallas Point Addition in Projective Coordinates

Curve points in the bucket-accumulation phase are represented in homogeneous pro-
jective coordinates (X : Y : Z) rather than affine (x, y). The affine representation is
efficient when a single modular inversion can be amortised across many operations, but
it would require one inversion per bucket update, which is prohibitively expensive in-
side a parallel kernel. Projective coordinates trade the inversion for a larger state (three
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field elements per point) and slightly more multiplication per addition, but are other-
wise inversion-free.

The implementation uses the standard Weierstrass addition and doubling formulas
catalogued in the Explicit Formulas Database [34]. A mixed addition formula (projective
+ affine) is used throughout the accumulation phase, because input points are stored
in affine form to halve their memory footprint while the accumulating bucket state is
kept projective. Projective–projective addition is reserved for the window-reduction
and window-combination phases, where both operands are already projective bucket
sums. Precise operation counts depend on the formula variant; for the short-Weierstrass
form y2 = x3 + 5 used by Pallas, each mixed addition costs on the order of ten field mul-
tiplications and each full projective addition slightly more, with doublings comparable
in cost. These counts multiplied by the number of bucket updates per MSM yield the
billions of field operations cited earlier.

4.2.3 Signed-Digit Recoding and the 12-Bit Window

The parameter c in Pippenger’s algorithm, the window size, controls a trade-off be-
tween bucket count (2c per window) and window count (dλ/ce windows for a λ-bit
scalar). A larger c reduces the number of windows and therefore the total number of
bucket-accumulation operations, but increases the per-window bucket count and the
memory footprint of bucket state.

The sort-based implementation described in Section 4.5 uses a 12-bit window on
256-bit scalars, yielding 22 windows per scalar. A naive 12-bit window would require
212 = 4096 buckets per window. Signed-digit recoding halves this cost: a window
value v exceeding 2c−1 is replaced with the negative digit v− 2c, and a carry of one is
propagated into the next window. The recoded digit is accumulated into its absolute-
value bucket by adding the negation of the input point. Pallas supports point negation
at negligible cost (negate the Y coordinate), so the effective bucket count becomes 2c−1 =

2048 per window. Recoding is performed on the device by a single kernel that runs
one thread per scalar and produces a packed array of signed digits consumed by later
phases.

The choice of a 12-bit window is the single most consequential parameter decision
in the chapter. Storing 2048 projective points, each 3× 32 = 96 bytes, requires 192 KB
per window, four times the entire shared-memory capacity of an SM. Bucket state there-
fore lives in global memory throughout, which removes the occupancy ceiling imposed
by the shared-memory budget at the cost of increased global-memory traffic. The ear-
lier shared-memory baseline described in Section 4.4 used a narrower 8-bit window for
the converse reason that bucket state had to fit in shared memory, and was retired pre-
cisely because the eight-bit configuration could not be widened without abandoning the
shared-memory layout.
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4.2.4 The Four-Phase Pippenger Pipeline

Every version of the implementation described in subsequent sections shares the same
high-level pipeline, parameterised differently across versions. Given n input points and
n scalars, the pipeline proceeds as follows.

Phase 1: Preprocessing. Input points are converted from standard form to Mont-
gomery form on the device; input scalars are decomposed into their windows
and (in the sort-based design) signed-digit recoded. Both conversions run as
element-wise kernels over the input arrays and take negligible time relative to the
accumulation phase.

Phase 2: Bucket accumulation. For each window, each input point is added into the
bucket indexed by its window digit. Total work is proportional to n times the
window count, and this phase dominates runtime at all n of practical interest.
Parallelisation of this phase is the subject of subsequent sections.

Phase 3: Window reduction. Each window’s buckets are collapsed to a single window
sum using Pippenger’s summation-by-parts identity: the sum ∑B−1

i=1 i · bi over B
buckets is computed in linear time by maintaining a running total that is itself
added into an accumulator at each step.

Phase 4: Window combination. The window sums are combined using Horner’s
method:

R =
(
· · ·

(
(sw−1 · 2c + sw−2) · 2c + sw−3

)
· · ·

)
· 2c + s0,

where w is the window count and c the window width.

Within a sort-based implementation, Phase 2 is itself decomposed into several kernel
launches (pair generation, radix sort, boundary finding, and warp-per-bucket accumu-
lation) described in Section 4.5. Phases 3 and 4 contribute negligibly to runtime for any
n of practical interest and are not the targets of optimisation. The result produced by
Phase 4 is in projective Montgomery form; it is converted to affine standard form on the
device before being copied back to the host.

4.3 Rust–CUDA Integration

The implementation sits at the intersection of three languages and toolchains: Nova is
written in Rust, the MSM kernel is written in CUDA C++, and the two are bridged by
a thin C-ABI wrapper. This section describes how the components fit together and how
data crosses the boundary between them.
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4.3.1 Three-Layer Design

The code base is organised as two components, each with a well-defined responsibility.

1. Pallas GPU crate (pallas-gpu). A single Rust crate that builds the CUDA static
library and exposes its functionality to downstream Rust code. The CUDA por-
tion (cuda/*.cu), compiled to a static archive by a build.rs that invokes nvcc

with the target -arch=sm_XX flag, owns all device state: kernel implementations,
device memory allocations, and the per-call buffer management described below.
All 32-bit limb arithmetic, projective point-addition formulas, and the four-phase
pipeline live in this library. The Rust portion (src/lib.rs) is a thin wrapper that
declares the C-ABI signatures, provides safe Rust types for the data that crosses
the boundary, performs the standard-form↔ 32-bit-limb conversions, and trans-
lates non-zero CUDA return codes into idiomatic Result values. It contains no
curve or MSM logic of its own.

2. Nova integration layer. Nova’s DlogGroupExt trait provides the hook for the
MSM operation used by Pedersen commitments, as described in Section 3.5. Un-
der the pallas-gpu feature flag, the vartime_multiscalar_mul implementation
for Pallas is redirected to call into pallas-gpu rather than Nova’s default CPU im-
plementation. When the feature flag is disabled, the build reverts to the upstream
Nova code path with no residual overhead.

This separation has two practical benefits. First, the pallas-gpu crate is curve-
specific but proof-system-agnostic: in principle it can be linked into any Rust project
that requires Pallas MSM, not only into Nova. Second, the Nova integration is minimal
and feature-gated, which makes direct comparison against the upstream CPU imple-
mentation a matter of toggling a Cargo feature rather than maintaining a parallel fork.

4.3.2 The FFI Boundary and Data Conversion

At the FFI boundary, Rust’s internal representation of points and scalars, namely the
types provided by the halo2curves library, must be serialised into a layout the CUDA
library can consume. Three conversions occur.

Scalars are serialised via Rust’s Fr::to_repr() method, which produces a 32-byte
little-endian standard-form representation. No Montgomery transform is applied on
either side of the boundary: the kernel never performs arithmetic on scalars and requires
only their bit-level structure for window decomposition, so keeping them in standard
form eliminates an unnecessary conversion pass.

Points are serialised as affine (x, y) pairs in standard form, each coordinate consist-
ing of eight 32-bit limbs in little-endian order. Because curve arithmetic does occur on
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points, the kernel converts them to Montgomery form on the device as the first step of
the pipeline. The final result is produced as a projective point in Montgomery form; a
trailing on-device kernel converts each of the three projective coordinates from Mont-
gomery back to standard form, the projective triple is copied to the host, and the host
then performs the single modular inversion required to convert the projective point to
affine (X/Z, Y/Z) and reconstructs a halo2curves point through Fr::from_repr().

The asymmetry is deliberate. Performing all representation changes on the de-
vice keeps the host-side interface curve-agnostic and avoids adding CPU work to
the prover’s critical path. It also keeps the Rust side free of any dependency on
Montgomery-specific types, which would leak library-internal representation details
across what is intended as a neutral boundary.

To minimise the host-side cost of these conversions at scale, both pallas::Scalar

and pallas::Affine inputs are converted in parallel using a Rayon par_iter pipeline
before the FFI call is issued. Serial conversion of 100M points was measured to take
on the order of twenty seconds on the benchmark workstation and constituted a visible
fraction of total MSM latency at large n; parallel conversion amortises this across all
available host cores and removes it from the critical path.

4.3.3 Device Memory Management

Device memory in a long-running MSM pipeline must satisfy two competing con-
straints: per-call allocation overhead should be amortised where possible, and no
device state should persist beyond a call in a way that prevents later calls, especially on
different devices, from running cleanly.

The original single-GPU implementation prioritised the first constraint. It main-
tained a persistent memory pool: static device pointers declared at file scope and lazily
initialised on the first call, reused across subsequent calls, with reallocation triggered
only when the required size exceeded the current capacity. This design was motivated
by a direct measurement showing that a naive cudaMalloc/cudaFree per call imposed
approximately 12 ms of allocation overhead, a non-negligible fraction of total MSM run-
time at small input sizes, particularly in the folding-scheme setting where Nova invokes
MSM once per IVC step and a full proof may involve thousands of folding steps.

The transition to multi-GPU execution exposed a structural limitation of that design.
Because the static slot array was populated on whichever device was selected at initial-
isation (in practice, device 0), a large single-GPU run at n =100M left on the order of
48 GB resident on device 0 that could not be released without process teardown. Sub-
sequent multi-GPU runs at n =200M then attempted to allocate a further 12 GB on top
of that resident state, triggering cudaErrorMemoryAllocation due to the combination of
physical capacity and fragmentation accumulated across prior ensure_slot_capacity
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calls. The persistent-pool design was therefore not merely suboptimal for multi-device
execution; it was incompatible with it.

The current implementation replaces the persistent pool with a per-call allocation
model, exposed through the entry point pallas_msm_gpu_on_device. This function
takes an explicit device_id argument, calls cudaSetDevice to pin the invoking thread
to the target GPU, allocates a local slot array sized for the current input, runs the full
four-phase pipeline, and frees every device buffer before returning. No static device
state survives across calls. The consequences are as follows.

• Device-safety. A call targeting device d affects only device d’s memory; other de-
vices remain untouched.

• Thread-safety without serialisation. Concurrent calls from different host threads to
different devices are safe by construction, because each thread operates on its own
local slots and cudaSetDevice is per-thread in CUDA.

• Predictable steady-state memory use. Device 0 is in a clean state before each multi-
GPU run, which eliminates the OOM pathway described above.

• Reintroduced allocation overhead. The 12 ms per-call cost returns. This cost is neg-
ligible for the large-n regime that motivates GPU acceleration, and it is negligible
relative to the host-to-device transfer time for points and scalars of realistic size.

The trade-off is explicit: the current design accepts a modest per-call allocation cost
in exchange for correct, predictable behaviour across eight concurrent devices. The em-
pirical impact of this choice is quantified in Chapter 6.

4.3.4 Concurrency Model at the FFI Layer

The per-call allocation model described above changes what thread safety at the FFI
boundary requires. Under the earlier persistent-pool design, the CUDA library’s re-
liance on static device state made it unsafe against concurrent calls from multiple host
threads: a second caller could overwrite the first caller’s device data before its kernel
completed. This was not a theoretical concern, as Nova’s test harness runs tests in par-
allel by default, and any embedding issuing multiple MSMs concurrently from different
threads would encounter it. The FFI entry point was accordingly guarded by a pthread_
mutex held for the entire duration of a call.

With per-call local allocation, the mutex is no longer required to prevent data races
on device buffers, because no buffers are shared across calls. What remains is the multi-
GPU dispatch pattern used by the Nova integration layer: a single-host-thread call into
vartime_multiscalar_mul_multi_gpu partitions the input across all visible devices,
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spawns one std::thread per device, and invokes pallas_msm_gpu_on_device concur-
rently on each. Each worker thread owns its slice of the input (moved via to_vec rather
than shared via Arc), issues its own cudaSetDevice, and writes into its own local device
buffers; no synchronisation primitive is required between them. The eight partial pro-
jective results are joined on the host and summed using the native halo2curves group
operation, which is exact on projective coordinates and therefore incurs no precision
loss from the partitioning.

This arrangement preserves per-device serialisation, where each GPU still processes
its slice sequentially through the four-phase pipeline, while eliminating cross-device
serialisation. The resulting scaling behaviour is reported in Chapter 6.

4.4 V1: Shared-Memory Spinlock Kernel

The first GPU implementation developed for this thesis adopted the most direct map-
ping of Pippenger’s bucket method onto the CUDA execution model: bucket state was
held in shared memory, threads accumulated input points into buckets via mixed addi-
tion, and concurrent updates to the same bucket were serialised by a per-bucket spin-
lock. The design predates the sort-based architecture introduced in Section 4.5 and is
now retired, but its performance ceiling is what motivated the redesign and is therefore
worth documenting in this chapter.

4.4.1 Design and Working Set

V1 used an eight-bit window, yielding 32 windows over a 256-bit scalar and a per-
window bucket count of 28 − 1 = 255. Each bucket held a projective point (three 256-
bit field elements, packed as eight 32-bit limbs each), giving a per-bucket footprint of
96 bytes. A second array of 255 32-bit integers served as the spinlock state, one lock per
bucket. The total per-block working set was therefore

255× 96 + 255× 4 = 25,500 bytes ≈ 24.9 KB.

With a launch configuration of 256 threads per block, this layout admitted exactly one
resident block per SM on the RTX 4080: a second block would require 51 KB of shared
memory against a 48 KB budget. The resulting hardware occupancy was

1× 256 threads
1,536 threads per SM

≈ 16.7%.

This figure is the binding constraint of the V1 design. It cannot be reduced by changing
block size, grid size, or input length; it is determined entirely by the choice to hold
bucket state in shared memory.
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The accumulation phase processed input points in chunks. Threads within a block
were assigned points round-robin from the chunk, decoded the point’s window digit,
and contended for the corresponding bucket lock. The contention pattern was gov-
erned by the standard test-and-set discipline of atomicCAS, with explicit memory fences
bracketing the critical section to establish release–acquire ordering on the bucket data.
Listing 4.1 reproduces the inner pattern.

1 while (atomicCAS (& s_locks[bi], 0, 1) != 0) { } // acquire
2 __threadfence_block ();
3 point_add_mixed (& s_buckets[bi], &s_buckets[bi], pt);
4 __threadfence_block ();
5 atomicExch (& s_locks[bi], 0); // release

LISTING 4.1: Per-bucket spinlock-guarded accumulation in V1.

The two __threadfence_block calls are essential. atomicCAS is a relaxed atomic in
CUDA’s memory model and imposes no ordering on surrounding memory accesses, as
discussed in Section 4.1.3. Without the leading fence, a thread holding the lock could
observe stale bucket data from before a prior holder’s update; without the trailing fence,
a subsequent acquirer could observe the bucket before the current update became vis-
ible. Both pathologies were encountered during V1 bring-up and resolved by adding
the fences shown.

4.4.2 Why V1 Was Retired

V1 produced correct results once the memory-fence ordering was in place, and attained
a maximum end-to-end speedup of approximately 2.05× over the CPU baseline at the
input sizes for which the design was tuned. The reason the implementation was re-
tired is structural rather than corrective: the 16.7% occupancy ceiling is not a bug to be
fixed but a property of the algorithm’s data layout, and the layout itself foreclosed the
optimisation paths that the rest of the chapter pursues.

The most consequential of those paths is the move to a 12-bit window with signed-
digit recoding. As Section 4.2.3 establishes, this configuration’s 2048-bucket array occu-
pies 192 KB per window, four times an SM’s entire shared-memory budget; there is no
shared-memory layout that accommodates it.

The design pivot was therefore not “make V1 faster” but “remove shared memory
from the bucket-state path entirely”. Once buckets reside in global memory, the per-
bucket footprint no longer competes with the SM occupancy budget, and the window
size can be chosen on algorithmic grounds rather than memory-budget grounds. The
cost of that move is that fine-grained per-bucket locking in global memory is no longer
practical: global atomics are too slow to serialise contention across thousands of threads
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at the bucket-update granularity. Some other mechanism is required to prevent concur-
rent writers to the same bucket. The mechanism adopted is a sort-based pre-grouping
of contributions by bucket index, which is the subject of Section 4.5.

4.5 V2: Sort-Based Pippenger

The retirement of V1 left a precise design problem: bucket state must move from shared
memory to global memory to permit a 12-bit window, but global atomics are too slow to
serialise concurrent writers at the bucket-update granularity. The V2 design resolves the
problem by eliminating concurrent writers entirely. Rather than letting many threads
contend for each bucket through locking, the implementation pre-groups all contribu-
tions destined for the same bucket using a parallel sort. After the sort, every bucket’s
contributions occupy a contiguous region of memory, and accumulation becomes a se-
quence of independent reductions (one per bucket) that can run in parallel across the
45,056 compound buckets without any synchronisation primitive. Against the CPU
baseline, V2 attains a maximum end-to-end speedup of 3.7× on the RTX 4080 (peak
at n = 200K, settling near 3× for larger inputs as the single-stream pipeline saturates
the device).

This section describes the V2 pipeline as it exists in production. Section 4.5.1
sketches the overall dataflow. Sections 4.5.2 through 4.5.6 cover the five kernels that
constitute Phase 2 of the Pippenger pipeline (in the four-phase decomposition intro-
duced in Section 4.2.4); the trailing window-combination kernel implements Phase 4
unchanged. Section 4.5.7 documents the internal evolution of the V2 design, which
proceeded through three distinct configurations before reaching the form described
here.

4.5.1 Design Overview

V2 decomposes the bucket-accumulation phase of Pippenger’s algorithm into a five-
kernel pipeline executed in sequence on a single CUDA stream. Figure 4.1 summarises
the dataflow.

The key data structure is the compound bucket key, a 16-bit integer of the form

key = w · 2048 + b,

where w ∈ [0, 22) is the window index and b ∈ [0, 2048) is the recoded bucket index
within that window. Compound keys are constructed during pair generation and con-
sumed during boundary finding. With 22 windows of 2048 buckets each, the compound
key space contains 45,056 valid values, which fits comfortably below the 216 = 65,536
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scalars (n) points (n)

recode_scalars_kernel

windows_signed [n × 22]

generate_all_pairs_kernel

keys, values [22n]

cub::DeviceRadixSort::SortPairs

sorted keys, values [22n]

find_boundaries_kernel

starts, ends [45,056]

accumulate_buckets_kernel

buckets [45,056]

parallel_bucket_reduce_kernel

window_sums [22]

combine_windows_kernel

result (projective)

FIGURE 4.1: The V2 sort-based Pippenger pipeline. Blue boxes are CUDA
kernels; gold boxes are device buffers with dimensions annotated. Five
steps implement Phase 2; combine_windows_kernel implements Phase 4.
Phase 1 (Montgomery conversion) and the result conversion are launched

at the pipeline boundaries but omitted from the figure.
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ceiling of a 16-bit sort, leaving room for a sentinel key (described below) that handles
zero-valued windows.

The pipeline allocates a single set of device buffers sized for the input and reuses
them across the entire MSM. Input-dependent buffers, namely the scalar windows, the
key/value pair arrays, and the CUB temporary storage, are sized to n or n · 22. Bucket-
state buffers are fixed at 45,056 entries regardless of input size, since the compound key
space is determined by the window configuration rather than n.

4.5.2 Scalar Recoding and Pair Generation

The first two kernels prepare the input for sorting. recode_scalars_kernel converts
each 256-bit scalar into 22 signed-digit windows; generate_all_pairs_kernel expands
those windows into the 22n compound key/value pairs that will be sorted.

Recoding implements the standard signed-digit transform described in Section 4.2.3.
One thread is launched per scalar. The thread iterates over the 22 windows of its scalar,
extracts the unsigned 12-bit window value via shifts and a mask (the helper get_window
in the source), adds the carry from the previous window, and replaces the digit with its
signed equivalent if the result exceeds 211 = 2048. The carry from the final window is
discarded: the comment in the source notes that Pallas scalars are bounded above by
2255, the final window covers bits 252–255 with a maximum raw value of 15, and so the
carry into a (nonexistent) twenty-third window is provably zero.

The output of recoding is a n× 22 array of int16_t values. A zero entry indicates
that the corresponding window contributes nothing to the MSM and should be skipped;
a positive entry indicates that the input point should be added to the bucket at index
value− 1; a negative entry indicates that the negated input point should be added to
the bucket at index |value| − 1.

Pair generation translates this representation into the form CUB’s radix sort expects.
A two-dimensional grid is launched with (dn/256e, 22) blocks of 256 threads, so that
each thread processes one (point, window) pair. The thread reads the corresponding
signed window value and writes the appropriate compound key and value, branching
on the sign:

1 int pair_idx = window_idx * n + point_idx;
2 int16_t sv = windows_signed[point_idx * MSM_NUM_WINDOWS + window_idx ];
3

4 if (sv == 0) {
5 keys[pair_idx] = sentinel_key; // sorts to end , skipped

later
6 values[pair_idx] = 0;
7 } else if (sv > 0) {
8 uint32_t bucket_idx = (uint32_t)(sv - 1);
9 keys[pair_idx] = window_idx * MSM_NUM_BUCKETS + bucket_idx;
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10 values[pair_idx] = (uint32_t)point_idx;
11 } else {
12 uint32_t bucket_idx = (uint32_t)(-sv - 1);
13 keys[pair_idx] = window_idx * MSM_NUM_BUCKETS + bucket_idx;
14 values[pair_idx] = (uint32_t)point_idx | NEGATE_FLAG;
15 }

LISTING 4.2: Pair generation: signed-digit decoding into the sortable
key/value pair representation.

Three details merit comment. First, the negation flag is encoded as the high bit of the
32-bit value (NEGATE_FLAG = 0x80000000). Since the maximum point index is bounded
by n ≤200M, well below 231, the high bit is otherwise unused and serves as a single-
bit side channel for the negation indicator. Section 4.5.5 explains why this choice has a
measurable performance consequence beyond saving memory.

Second, zero-valued windows are written with sentinel_key = MSM_TOTAL_

BUCKETS = 45056, a value strictly greater than any valid compound key. Sentinels
therefore sort to the end of the array, where the boundary-finding kernel skips them
via a single bounds check. Sentinels are not removed from the array; the cost of letting
them participate in the sort is a small constant factor on n, which is negligible relative
to the radix sort’s overall complexity.

Third, the keys are uniform across all windows and points, with no dependence on
input order. This means the radix-sort that follows in Section 4.5.3 sorts a single contigu-
ous array of 22n pairs in one call, rather than performing 22 independent per-window
sorts. Empirically, the consolidated sort outperforms per-window sorts because CUB’s
radix sort has a fixed launch overhead that is amortised over a larger work item.

4.5.3 The CUB Radix Sort

The sort itself is performed by cub::DeviceRadixSort::SortPairs, a host-side call that
internally launches a sequence of kernels implementing a multi-pass radix sort. Two
parameters of the call are noteworthy.

1 err = cub:: DeviceRadixSort :: SortPairs(
2 g_d_sort_temp , g_sort_temp_bytes ,
3 g_d_sort_keys_in , g_d_sort_keys_out ,
4 g_d_sort_vals_in , g_d_sort_vals_out ,
5 total_pairs , 0, end_bit
6 );

LISTING 4.3: CUB radix sort invocation. Only the lower 16 bits of each
key participate in the sort.
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The end_bit parameter is set to 16 because the largest key value (the sentinel, 45,056)
fits in 16 bits. CUB performs one radix-sort pass per byte of key range, so restricting the
sort to the lower 16 bits halves the number of passes relative to the default 32-bit sort.

The g_d_sort_temp buffer holds CUB’s internal scratch space, the size of which is
determined by an initial dispatch of SortPairs with a null buffer pointer. This API
pattern of querying the size, allocating, and then sorting is standard for CUB’s device-
wide primitives. The temp-storage buffer is sized once at MSM initialisation and reused
across calls in the persistent memory pool described in Section 4.3.3, which avoids the
cost of repeating the size query and reallocation on every invocation.

4.5.4 Boundary Finding

After the sort, all pairs sharing a compound key occupy a contiguous run of the value
array. The boundary kernel converts these implicit runs into explicit (start, end) in-
dex pairs, indexed by compound key, so that the accumulation kernel can locate each
bucket’s contributions in O(1).

1 int idx = blockIdx.x * blockDim.x + threadIdx.x;
2 if (idx >= total_pairs) return;
3

4 uint32_t key = sorted_keys[idx];
5 if (key >= total_buckets) return; // sentinel: skip
6

7 if (idx == 0 || sorted_keys[idx - 1] != key) {
8 starts[key] = (uint32_t)idx;
9 }

10 if (idx == total_pairs - 1 || sorted_keys[idx + 1] != key) {
11 ends[key] = (uint32_t)idx + 1;
12 }

LISTING 4.4: Boundary detection: a thread marks the start of a run if its
key differs from its predecessor’s, and the end if its key differs from its

successor’s.

The kernel launches one thread per sorted pair. The starts array is pre-initialised
to 0xFFFFFFFF via a cudaMemset, which serves as a sentinel for compound buckets that
received no contributions and therefore never have a start written. The accumulation
kernel checks for this sentinel and emits the identity element for empty buckets.

4.5.5 Warp-Per-Bucket Accumulation

The accumulation kernel is the performance-critical centre of the V2 pipeline. It as-
signs one warp (32 threads) per compound bucket and walks the bucket’s contributions
in parallel: each lane reads a strided subset of the bucket’s points, accumulates them
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locally, and the warp’s 32 partial sums are then combined via a shared-memory tree
reduction.

1 for (uint32_t i = lane; i < count; i += 32) {
2 uint32_t raw_val = sorted_values[start + i];
3 uint32_t point_idx = raw_val & ~NEGATE_FLAG;
4

5 affine_point_t pt = points[point_idx ]; // single load path
6

7 if (raw_val >> 31) {
8 fq_neg (&pt.y, &pt.y); // cheap inline negation
9 }

10

11 point_add_mixed (&acc , &acc , &pt);
12 }

LISTING 4.5: Strided accumulation within a warp. Negation is applied
arithmetically after the load (line 6) rather than via a parallel pre-negated

array.

The handling of negation in this loop is the single most consequential design choice
in the kernel, and it deserves explanation. A naive implementation would store the orig-
inal input array of n affine points alongside a parallel array of n negated affine points,
doubling the memory footprint. Negation would then become a branch over which ar-
ray to read from, with no per-load arithmetic. Listing 4.5 takes the opposite approach: a
single array of n points, one load path with no branching on the load itself, and a cheap
arithmetic negation (fq_neg on the Y coordinate, eight modular subtractions) applied
conditionally after the load. The branch divergence cost is small because fq_neg is a
tiny fraction of the work performed by point_add_mixed that follows.

The benefit is structural: the points array remains size n rather than 2n, halving
the address range of the kernel’s random reads. The 64 MB L2 cache on the RTX 4080
retains a larger fraction of the working set when the working set itself is half as large,
so the single-array layout is expected to reduce L2 cache pressure during accumulation.
The expected effect on the L2 hit rate is the design rationale for this choice but was not
separately verified through profiler measurement; Section 7.2 notes profiling work that
remains as future work.

After the strided walk, each lane holds a partial sum in a register. These 32 partial
sums are reduced to a single per-warp result via a five-round tree in shared memory:

1 s_partial[threadIdx.x] = acc;
2 __syncwarp ();
3

4 int warp_base = (threadIdx.x / 32) * 32;
5 for (int stride = 16; stride > 0; stride >>= 1) {
6 if (lane < stride) {
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7 point_add (& s_partial[warp_base + lane],
8 &s_partial[warp_base + lane],
9 &s_partial[warp_base + lane + stride ]);

10 }
11 __syncwarp ();
12 }

LISTING 4.6: Shared-memory tree reduction across a warp’s 32 lanes. __
syncwarp barriers ensure intra-warp visibility of writes to s_partial.

The reduction proceeds in place over 32 shared-memory slots: the active lane count
halves on each round (16, 8, 4, 2, 1), and each active lane adds its peer’s value into its
own slot. After five rounds, lane 0 holds the warp’s combined bucket sum, which is
written to the global buckets array indexed by compound key.

The launch configuration is 8 warps per block (ACC_BLOCK_SIZE = 256), with the
grid sized to cover all 45,056 buckets. This gives one thread block per 8 compound
buckets and a total grid of 45056/8 ≈ 5632 blocks. Buckets that received no contribu-
tions (their start sentinel was never overwritten) skip the accumulation loop and write
the identity element directly.

4.5.6 Parallel Bucket Reduction

After accumulation, each window holds 2048 individual bucket sums. Phase 3 of the
Pippenger pipeline collapses these into a single window sum using the summation-by-
parts identity

∑B−1
i=1 i · bi = ∑B−1

i=1 ∑B−1
j=i bj,

which a sequential implementation evaluates in linear time by maintaining a running
suffix sum. The naive sequential algorithm walks the buckets in descending index order,
accumulating each bucket into a running total and adding the running total into a per-
window grand total at every step. This produces ∑B−1

i=0 (i+ 1) · bi in O(B) point additions.
For 2048 buckets per window, the sequential algorithm requires 2 × 2048 = 4096

point additions on the critical path of each window: 2048 iterations, each performing
one running-suffix update and one accumulator update. With 22 windows reduced one
at a time on a single thread, the bucket-reduction phase became the dominant cost of
the pipeline at moderate n. The V2 production kernel replaces it with a parallel imple-
mentation that exploits a structural decomposition of the summation-by-parts identity.

The kernel launches 22 thread blocks (one per window) with T = 128 threads per
block. Each thread is assigned a contiguous chunk of S = 16 buckets. The algorithm
proceeds in four steps.

Step 1: Local summation by parts. Each thread t runs a sequential summation-by-
parts over its 16-bucket chunk in descending order, producing two intermediate
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values: runningt, the sum of the buckets in the chunk, and partialt, the
locally-weighted contribution of those buckets to the window sum.

Step 2: Parallel suffix scan over chunk-running totals. An inclusive parallel suffix
scan over the 128 runningt values produces, at each thread, the sum of running
totals in chunks t through T − 1. The scan runs in log2 T = 7 rounds of up to 64
parallel additions, separated by __syncthreads() barriers.

Step 3: Suffix correction. Each thread t adds countt copies of the suffix sum from
chunks t + 1 onwards into its partialt. This term corrects for the fact that the
local summation by parts in Step 1 ignored contributions from chunks at higher
indices.

Step 4: Final tree reduction. A binary tree reduction over the 128 corrected partial val-
ues produces the window sum, which is written by thread 0 to the per-window
result array.

Listing 4.7 reproduces the suffix scan, which is the algorithmic core of the kernel.

1 for (int stride = 1; stride < T; stride <<= 1) {
2 if (tid + stride < T) {
3 point_add (& s_running[tid], &s_running[tid], &s_running[tid +

stride ]);
4 }
5 __syncthreads ();
6 }

LISTING 4.7: Parallel inclusive suffix scan over chunk-running totals.
After log2 T rounds, s_running[t] holds the sum of original s_

running[t..T-1].

The replacement of the sequential reduction by this kernel was the largest single
improvement to V2 after the initial sort-based design. The total point-addition count
across all four steps is comparable to that of the sequential algorithm at 4096 additions
per window, but they are distributed across 128 threads working in parallel, with the
critical-path length on a single thread reduced from 4096 sequential additions to seven
rounds of suffix scan plus seven rounds of tree reduction, plus the local 16-bucket walk.
The dominant cost shifts from the additions themselves to the synchronisation barriers
between rounds, which is a substantially better profile for GPU execution.

4.5.7 Internal Evolution of V2

The V2 design as described above was not the initial sort-based implementation. The
first version, written in late February of the development cycle, differed in three ways
from the production kernel.
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The earliest version used 8-bit windows: 32 windows of 255 buckets each, with no
signed-digit recoding, because the 8-bit configuration was inherited from V1. The com-
pound key space was 8160 buckets and the radix sort used a 14-bit end_bit. This was
widened to 12 bits within the same development arc, first introducing the 4096-bucket
configuration with no recoding and then layering the signed-digit transform on top to
halve the effective bucket count to 2048.

The earliest version also used one thread per compound bucket rather than one
warp. The single-thread accumulation walked each bucket’s contributions sequentially,
which left 31 lanes of every warp idle during the bucket-accumulation phase. The
warp-per-bucket upgrade arrived within the same continuation session and reused the
existing pipeline structure unchanged; only the accumulation kernel was modified.
The shared-memory tree reduction shown in Listing 4.6 was introduced at this point;
warp-shuffle intrinsics (__shfl_down_sync) were considered but not adopted, since the
shared-memory pattern was simpler and the projective point representation does not
pack cleanly into shuffle-sized registers.

Finally, the earliest version used the sequential summation-by-parts algorithm for
bucket reduction, executed by a single thread per window. With 255 buckets per win-
dow this was acceptable, but the move to 2048 buckets made it the bottleneck of the
pipeline. The parallel bucket reduction described in Section 4.5.6 was developed specif-
ically to address this.

The kernel as described in this section, comprising 12-bit signed-digit windows,
warp-per-bucket accumulation, and parallel bucket reduction, has been frozen since
the optimisation arc completed. The V3 and V4 designs in subsequent sections do not
modify the per-window logic; they layer additional dispatch and partitioning structure
around the V2 kernel, which serves as the building block on which the cluster-scale
extensions are built.

4.6 V3: Partition-Based Concurrent Streams

The V2 pipeline of Section 4.5 runs as a single CUDA stream: the six kernels execute
strictly in sequence, and the host-to-device transfer that opens the pipeline is followed
by an idle interval on the device until the kernel chain completes. For input sizes at
which the per-window kernels do not by themselves saturate the device (which, on the
RTX 4080, includes much of the practical n range below 107 points), a single stream
leaves the GPU intermittently underutilised and the PCIe link wholly serialised.

V3 addresses this by partitioning the input into K equal-size slices and running the
V2 pipeline on each slice in parallel, on its own CUDA stream. The per-window ker-
nels are unchanged; what changes is the dispatch structure around them. With K = 4
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streams active, the GPU sees up to four independent six-kernel pipelines at any in-
stant, and the runtime is free to interleave their host-to-device transfers, accumulation
kernels, and bucket-reduction kernels according to resource availability. A trailing on-
device merge combines the four projective partial sums into the final result. Against the
CPU baseline, V3 attains a maximum end-to-end speedup of 4.9× at n = 20M on the
RTX 4080, improving on V2 through stream-level overlap alone.

This section describes V3 as it exists in production. Section 4.6.1 sketches the
partition-and-merge structure. Section 4.6.2 describes the per-slot state object that owns
one stream’s worth of device buffers. Section 4.6.3 traces the per-partition dispatch
loop. Section 4.6.4 presents the merge kernel. Section 4.6.5 discusses the empirical
selection of K = 4.

4.6.1 Design Overview

The V3 entry point partitions an input of n scalar–point pairs into K contiguous slices of
dn/Ke pairs each, with the final slice truncated if Kn. Each slice is processed by a slot:
a self-contained execution context comprising one CUDA stream, one set of variable-
size input and intermediate buffers sized to the slice, and one set of fixed-size bucket-
state buffers sized only by the window configuration. The four slots are static. They
are created once at the first MSM call, persist for the lifetime of the process, and grow
their variable-size buffers monotonically across calls under the same ensure-capacity
discipline used by V2.

The dataflow within a slot is the V2 pipeline of Figure 4.1 applied to that slot’s
slice, with one substitution: the trailing combine_windows_kernel writes its result to
the slot’s per-call d_partial_result buffer rather than to a shared output. After all K
slot pipelines have been submitted asynchronously, the host synchronises on each slot’s
stream in turn, then launches a single merge kernel on slot 0’s stream to add the K pro-
jective partials together. The Montgomery-to-affine conversion and the device-to-host
copy of the final result then proceed on slot 0’s stream as in V2, against slot 0’s buffers.

Two structural consequences of this design motivate Section 4.6.5. First, the per-slot
bucket-state arrays are allocated independently of slice size: each slot holds its own
45,056-entry buckets array of 4.33 MB, regardless of how many points that slot pro-
cesses. The fixed bucket footprint of V3 therefore scales as K× 4.33 MB. Second, CUB’s
radix sort, which dominates the per-slot kernel chain in absolute terms at moderate n,
has a launch overhead amortised over the number of pairs sorted; shrinking each slot’s
pair count by a factor of K shifts a fixed cost from “amortised once” to “amortised K
times,” eroding sort efficiency at small n/K.
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4.6.2 Per-Slot Resource Layout

Each slot holds two classes of device buffer, distinguished by whether their size depends
on the slice point count. Listing 4.8 reproduces the slot-state structure in abbreviated
form.

1 typedef struct {
2 cudaStream_t stream;
3

4 // Variable -size: grown by ensure_slot_capacity , never shrunk.
5 pallas :: affine_point_t* d_points;
6 uint32_t* d_scalars;
7 int16_t* d_windows_signed;
8 uint32_t* d_sort_keys_in; // and out
9 uint32_t* d_sort_vals_in; // and out

10 void* d_sort_temp;
11 size_t sort_temp_size;
12

13 // Fixed -size: allocated once at init_slots ().
14 uint32_t* d_bucket_starts; // [45056]
15 uint32_t* d_bucket_ends; // [45056]
16 pallas :: projective_point_t* d_buckets; // [45056]
17 pallas :: projective_point_t* d_window_sums; // [22]
18 pallas :: projective_point_t* d_partial_result; // [1]
19

20 size_t capacity;
21 } msm_slot_t;

LISTING 4.8: V3 per-slot state. Variable-size buffers grow via ensure-
capacity; fixed-size buffers are allocated once at slot initialisation.

The variable-size buffers are sized to ni or 22ni, where ni is the current slice’s point
count. They are reallocated only when an incoming slice exceeds the slot’s existing
capacity; on subsequent calls within capacity, they are reused without modification.
The fixed-size buffers depend only on the window configuration (22, 2048) and never
need to grow.

Two further static allocations support the merge step. A device-side buffer g_d_

merge_buf of K projective points receives the per-slot partial results before merging,
populated by an asynchronous device-to-device copy at the end of each slot’s stream.
The slot array g_slots[K] and the merge buffer are both allocated lazily under a
pthread_mutex on the first MSM call; subsequent calls observe the initialised state and
incur no synchronisation overhead. V3 retains the persistent memory pool described
as the original design in Section 4.3.3; the per-call allocation model introduced in that
section applies to the V4 multi-GPU entry point of Section 4.7 and is not used here.
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4.6.3 Per-Partition Dispatch and Stream Concurrency

The dispatch loop is structurally simple. For each slot i ∈ [0, K), the host computes the
slice offset and length, ensures the slot’s variable buffers can accommodate the slice,
and submits the full V2 kernel chain to the slot’s stream. Submission is non-blocking:
each cudaMemcpyAsync and each kernel launch returns immediately after enqueueing
the work, so by the time the host loop completes its Kth iteration, all K pipelines are
concurrently in flight on the device. Listing 4.9 shows the loop with the V2 kernel chain
elided.

1 int K = MSM_NUM_PARTITIONS;
2 size_t part_size = (n + K - 1) / K;
3

4 for (int i = 0; i < K; i++) {
5 size_t offset = (size_t)i * part_size;
6 if (offset >= (size_t)n) break;
7 size_t n_i = min(part_size , (size_t)n - offset);
8

9 msm_slot_t* s = &g_slots[i];
10 ensure_slot_capacity(s, n_i);
11

12 // Async H2D , Montgomery conversion , signed -digit recoding ,
13 // pair generation , CUB radix sort , boundary finding ,
14 // warp -per -bucket accumulation , parallel bucket reduction ,
15 // and Horner combination -- all submitted on s->stream.
16 /* ... V2 pipeline of Section ~\ref{sec:sort -based} ... */
17

18 cudaMemcpyAsync(g_d_merge_buf + i, s->d_partial_result ,
19 sizeof(projective_point_t),
20 cudaMemcpyDeviceToDevice , s->stream);
21 }
22

23 for (int i = 0; i < K_active; i++)
24 cudaStreamSynchronize(g_slots[i]. stream);

LISTING 4.9: V3 per-partition dispatch loop. Each iteration submits the
V2 pipeline on slot i’s stream, followed by a device-to-device copy of the

partial into the merge buffer. Kernel launch parameters omitted.

The host-side synchronisation barrier at the end of the loop is necessary because the
merge kernel must run only after every partial result has been copied into g_d_merge_

buf, but stream-level ordering does not capture this constraint: each per-slot device-to-
device copy is ordered with respect to its own stream, not slot 0’s. A cross-stream event
would suffice in principle, but a host barrier is correct, easy to reason about, and incurs
negligible cost relative to the kernel chain it bounds.
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4.6.4 Partial Result Merge

The merge step combines K projective partial sums into a single result through K − 1
point additions. Listing 4.10 reproduces the kernel in its entirety.

1 __global__ void merge_partitions_kernel(
2 projective_point_t* partials ,
3 projective_point_t* result ,
4 int K
5 ) {
6 if (threadIdx.x != 0 || blockIdx.x != 0) return;
7

8 projective_point_t acc = partials [0];
9 for (int i = 1; i < K; i++) {

10 point_add (&acc , &acc , &partials[i]);
11 }
12 point_copy_projective(result , &acc);
13 }

LISTING 4.10: Merge of K projective partials. A single thread performs
K − 1 point additions; the work is dwarfed by the per-slot pipelines that

produced its inputs.

The kernel runs as a 1× 1 launch on slot 0’s stream after the host synchronisation
barrier. With K = 4, the work consists of three projective point additions, on the or-
der of forty modular multiplications, which complete in microseconds against per-slot
pipelines whose work is measured in tens to hundreds of milliseconds. Parallelising the
merge across threads or warps would yield no measurable benefit and is not pursued.

After the merge, the existing convert_result_from_montgomery_kernel runs on
slot 0’s stream against g_slots[0].d_partial_result, into which the merge kernel
writes; the final device-to-host copy of the result completes the call. The host-visible
work added by V3 over V2 is therefore the merge kernel, the four device-to-device
copies of the per-slot partials, and the host-side stream synchronisation barrier.

4.6.5 Partition Count Selection

The partition count K is the only design parameter introduced by V3. It trades stream-
level concurrency against per-slot resource overhead and against the sort efficiency of
each individual slot. The optimal value is hardware-dependent.

Two structural considerations bound the useful range of K from above. First, each
additional slot adds 4.33 MB of fixed bucket state plus a CUB temporary scratch buffer
sized for the per-slot pair count, so the fixed memory overhead scales linearly in K. On
the RTX 4080’s 16 GB consumer memory budget, large K at large n leaves correspond-
ingly less room for the input and intermediate buffers. Second, CUB’s radix sort has a
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launch overhead amortised over the number of pairs sorted; shrinking each slot’s pair
count by a factor of K shifts that fixed cost from once to K times. The slot-level sort that
dominates the per-slot critical path at moderate n therefore loses efficiency superlinearly
as K grows.

The production value of K = 4 was selected from a direct sweep over
K ∈ {2, 4, 8, 16} on the RTX 4080 across the input sizes characterised in Chap-
ter 6; the per-K wall-clock measurements are reported in Table 6.4. The setting is
hardcoded as MSM_NUM_PARTITIONS = 4 rather than exposed as a runtime parameter;
changing it requires recompilation.

This choice is platform-specific. The A100 and H100 nodes of the StarHPC cluster
have substantially larger device memory, more streaming multiprocessors, and higher
kernel-launch concurrency, all of which relax the upper bound on K and shift the trade-
off in favour of higher partition counts; K = 8 is expected to be preferable on the
A100. The cluster K-sensitivity sweep of Section 6.3.2 extends the evaluation to K ∈
{8, 16, 32, 64, 128}. That sweep parameterises the per-device internal partitioning of the
V4 multi-GPU configuration of Section 4.7 rather than the single-device configuration
of V3, but the underlying trade-off it characterises is structurally identical.

V3’s measured throughput on the RTX 4080, including the per-K sweep and the
achieved speedup over the V2 single-stream baseline and over the CPU implementa-
tion, is reported in Chapter 6.

4.7 V4: Batch API and Multi-GPU Dispatch

V3 saturates the parallelism available within a single MSM on a single device. The
architectural step that follows operates on a coarser granularity: instead of subdividing
the work of one MSM across K streams, V4 dispatches K independent MSMs across K
execution units. Two distinct execution targets share this pattern. The first is a single
GPU running multiple Nova-level MSMs simultaneously, exposed through a batch API.
The second is a multi-GPU configuration in which one logical MSM is partitioned across
all available devices. Both reuse the V2 pipeline of Section 4.5 and the slot abstraction
of Section 4.6.2 unchanged; what changes is what each slot or each device computes.
Against the cluster CPU baseline, V4 attains a maximum end-to-end speedup of 17.9×
at n = 100M when the multi-GPU dispatch is engaged across an eight-device StarHPC
A100 node.

This section describes V4 as it exists in the production cluster build. Section 4.7.1
identifies the two concurrency axes that V3 leaves unaddressed. Section 4.7.2 describes
the batch API for single-device multi-MSM execution. Section 4.7.3 describes the multi-
GPU dispatch layer. Section 4.7.4 covers the host-side projective merge and the parallel
data-conversion path that connects the dispatch to the Nova prover loop.
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4.7.1 Motivation: Inter-MSM and Inter-Device Concurrency

V3 saturates the GPU’s stream concurrency by running K parallel slot pipelines on a
single MSM. At the input sizes used in production folding-scheme proofs, a single MSM
running on K = 4 streams keeps the SM occupancy budget of an RTX 4080 reasonably
busy. Two concurrency axes lie beyond what V3 addresses.

The first is inter-MSM. Nova issues several independent MSMs per folding step, and
the IPA prover round in particular computes left and right vector commitments (both
multi-scalar multiplications of identical size, over disjoint base sets, with no data de-
pendence on each other) that V3 schedules sequentially. Each round therefore incurs
two full V3 invocations back-to-back, each launching its own four-stream pipeline with
its own host-to-device transfer and its own Montgomery conversion phase. The work
of the second commitment cannot begin until the first completes, even though no archi-
tectural obstacle prevents the GPU from running both pipelines in parallel.

The second is inter-device. Once a single device’s working memory budget cannot
accommodate the full intermediate state of one MSM, additional throughput requires
recruiting additional devices. The empirical threshold on the StarHPC cluster’s 80 GB
A100 nodes falls at approximately n =100M points: above this size the per-MSM in-
termediate state of buckets, signed-digit windows, and CUB sort scratch space exceeds
device memory, and the multi-GPU path becomes mandatory rather than merely bene-
ficial.

V4 addresses both axes with a single architectural pattern: a host-side scheduler
issues K independent MSM jobs to K execution units. The pattern is realised in two
places. In the single-device case, the K execution units are CUDA streams, and the
slot infrastructure of Section 4.6.2 is reused with each slot now holding an independent
MSM rather than a partition of one MSM. In the multi-device case, the K execution
units are entire GPUs, each running its own per-call instance of the V3 pipeline, and
the per-call allocation model of Section 4.3.3 provides the safety properties that prevent
device 0’s persistent state from interfering with the dispatch.

4.7.2 Batch API for Nova-Level Concurrency

The batch API extends the single-call V3 entry point into a multi-call entry point. Where
V3’s pallas_msm_gpu accepts one (points, scalars) pair and returns one projective result,
the batch entry point accepts K independent (points, scalars) pairs and returns K inde-
pendent projective results. The number of jobs in a batch is chosen by the caller and is
bounded above by the slot pool size.

Internally, the batch API repurposes V3’s slot pool. V3 uses K slots to hold K parti-
tions of a single MSM, with all K slots cooperating on the same final result through the
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merge kernel of Section 4.6.4. The batch API uses the same K slots to hold K indepen-
dent MSMs, each running the V2 pipeline of Section 4.5 on its own input. No merge
kernel is launched: the K projective results are written to K separate output buffers,
copied to host memory, and returned to the caller as a vector of independent values.
The slot infrastructure, the ensure-capacity discipline, the per-stream dispatch, and the
per-stream synchronisation pattern are otherwise identical to V3.

The motivating use site is the IPA prover round. Where the upstream Nova IPA
implementation calls vartime_multiscalar_mul twice per round (once for the left com-
mitment, once for the right), the batch-aware Nova provider replaces the pair of calls
with a single batch call of size two. The two MSMs run on slots 0 and 1 concurrently,
with their host-to-device transfers, kernel chains, and device-to-host copies overlapped
under the same stream-level concurrency model that V3 applies to its partitions. The
host receives both results when both streams have synchronised, and the IPA round
proceeds with the two commitments now available simultaneously.

The architectural value of the batch API is not principally the absolute speedup it
produces on any individual round, which is reported in Chapter 6, but the recognition
that the slot infrastructure of Section 4.6.2 is general: one slot is one independent V2
pipeline, and the meaning of independent is determined by the caller, not by the slot
itself.

4.7.3 Multi-GPU Dispatch

Multi-GPU dispatch realises the same independence pattern across hardware bound-
aries. A single MSM input of n scalar–point pairs is partitioned into N slices of dn/Ne
pairs each, where N is the number of visible devices. Each slice is processed on a dis-
tinct device by an independent pallas_msm_gpu_on_device call (Section 4.3.3), and the
N projective partial results are summed on the host into the final MSM output.

The dispatch is implemented at the Rust FFI layer in the function msm_u64_multi_

gpu, reproduced in Listing 4.11. The function spawns one std::thread per device,
transferring ownership of that device’s slice into the worker thread by value rather than
by reference. Each worker calls cudaSetDevice(device_id) and then pallas_msm_gpu_

on_device, returning a projective partial sum on success. The host joins all N workers,
propagates the first error if any, and forwards the partial sums to the caller for merging.

1 pub fn msm_u64_multi_gpu(
2 scalars: &[[u64; 4]],
3 points: &[([ u64; 4], [u64; 4])],
4 ) -> Result <Vec <([u64; 4], [u64; 4], [u64; 4]) >, String > {
5 let n = scalars.len();
6 let num_gpus = get_gpu_count ().max(1).min(n);
7 let chunk = (n + num_gpus - 1) / num_gpus;
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8

9 let mut handles = Vec:: with_capacity(num_gpus);
10 for device_id in 0.. num_gpus {
11 let start = device_id * chunk;
12 let end = (start + chunk).min(n);
13 if start >= end { break; }
14

15 let scalar_chunk = scalars[start..end]. to_vec ();
16 let point_chunk = points[start..end]. to_vec ();
17

18 let handle = std:: thread ::spawn(move || {
19 let gpu_scalars = scalars_to_gpu (& scalar_chunk);
20 let gpu_points = points_to_gpu (& point_chunk);
21 let mut result = ProjectivePointGpu :: default ();
22

23 let ret = unsafe {
24 pallas_msm_gpu_on_device(
25 gpu_points.as_ptr (), gpu_scalars.as_ptr (),
26 &mut result , point_chunk.len(),
27 device_id as i32 ,
28 )
29 };
30

31 if ret != 0 {
32 Err(format !("GPU {} MSM failed with code {}",
33 device_id , ret))
34 } else {
35 Ok(( result.x.to_u64_limbs (),
36 result.y.to_u64_limbs (),
37 result.z.to_u64_limbs ()))
38 }
39 });
40 handles.push(handle);
41 }
42

43 let mut partial = Vec:: with_capacity(handles.len());
44 for h in handles {
45 partial.push(h.join()
46 .map_err (|_| "GPU thread panicked".to_string ())??);
47 }
48 Ok(partial)
49 }

LISTING 4.11: Multi-GPU dispatcher in the Rust FFI layer. One
std::thread per visible device; each thread owns its slice by value, sets
its target device, and invokes the per-call entry point of Section 4.3.3. The
N projective partials are summed on the host by the provider hook of

Section 4.3.4.
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Three properties of this dispatch model bear on the architectural argument.
First, no synchronisation primitive is required between worker threads. Each thread

owns its slice, performs cudaSetDevice on its own thread state (cudaSetDevice is per-
thread in CUDA), and writes to its own device’s local slot pool. There are no shared
device buffers, no shared file-scope globals, and no inter-thread communication during
the per-device work.

Second, the per-call allocation model of Section 4.3.3 is what makes the dispatch
safe in practice. The persistent-pool design that V3 inherits binds its static slot array to
whichever device was first selected, which precludes the device-by-device cleanup that
multi-thread dispatch requires; pallas_msm_gpu_on_device avoids this by allocating
and freeing all device state per call.

Third, inside each device, the V3 partition-based concurrent stream pipeline of Sec-
tion 4.6 runs unchanged on the device’s slice. The internal partition count K is the
compile-time constant MSM_NUM_PARTITIONS, declared as a #define in cuda/pallas_

msm.cu; the K-sweep of Section 6.3.2 steps through its values by patching this #define

with sed and rebuilding the static library between runs, as described in Section 5.2.3.
The composition is hierarchical: the multi-GPU dispatch operates across devices, V3
partitioning operates within each device, and V2 operates within each slot.

4.7.4 Host-Side Projective Merge and Parallel Conversion

The N projective partials returned by the multi-GPU dispatch are summed on the host
using halo2curves’s projective group operation. Projective addition over a Weierstrass
curve is exact: it produces no rounding or representation error regardless of the coordi-
nate values in its operands, so partitioning the input across devices and summing the
partials yields a result identical to the single-device computation over the same input.
Numerical correctness is independent of the partition count.

The merge work is small: N − 1 projective additions on the host CPU, completing
in microseconds for any device count plausibly hosted in a single SLURM allocation.
A device-resident merge would require either inter-device peer-to-peer transfers or a
final aggregation step on a designated lead device, neither of which carries engineering
value at the scale of the cluster benchmark presented in Chapter 6.

The host-side input conversion described in Section 4.3.2 applies unchanged to the
multi-GPU path: a rayon::join converts scalars and points concurrently before the
multi-thread dispatch loop is entered, so the conversion cost is amortised across the
host’s parallelism budget on both single-device and multi-device entry points.
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4.7.5 Summary

V4 reuses the V2 per-window logic of Section 4.5 and the V3 slot infrastructure of Sec-
tion 4.6 unchanged, and overlays two coarse-grained concurrency dimensions on top:
inter-MSM (multiple independent Nova-level MSMs run as a single batch) and inter-
device (one MSM partitioned across all available devices). The dimensions are inde-
pendent and would in principle compose, though the production cluster benchmarks
of Chapter 6 exercise the inter-device dispatch alone.

4.8 Architectural Comparison

The four implementation versions described in Sections 4.4 through 4.7 share a com-
mon substrate, the four-phase Pippenger pipeline of Section 4.2.4, but differ in what is
parallelised, where bucket state lives, and how concurrent writers are coordinated. This
section consolidates those differences as a qualitative comparison; quantitative results
are reported in Chapter 6.

Concurrency granularity. The progression from V1 to V4 is one of progressively
coarser parallelism. V1 exploits thread-level parallelism within a single block: hun-
dreds of threads contend for the same shared-memory bucket array, with serialisation
enforced per bucket through spinlocks. V2 moves the unit of parallelism up to the
warp: each compound bucket is processed by 32 lanes that strided-walk its sorted
contributions, with no inter-thread contention because the radix sort has pre-grouped
each bucket’s points into a contiguous run. V3 adds a further level above that: K
CUDA streams each running an independent V2 pipeline on their own slice of the
input, with the GPU’s hardware schedulers overlapping their execution. V4 generalises
the stream-level layer in two directions, replacing K partitions of one MSM with K
independent MSMs for inter-MSM concurrency, and replacing K streams on one device
with N devices each running a per-call instance of V3 for inter-device concurrency. At
each step the unit of parallelism becomes coarser, and the synchronisation cost paid to
coordinate it becomes lower. The empirical reflection of this progression is a monotonic
improvement in maximum speedup over the CPU baseline: 2.05× at V1, 3.7× at V2,
4.9× at V3 (all on the RTX 4080 vs. the i7-13700K), and 17.9× at V4 (on 8× A100 vs. the
32-thread EPYC baseline).

Bucket state and the occupancy ceiling. The single most consequential design choice
across the implementations is where bucket state resides. V1’s choice to hold the 255-
bucket array in shared memory imposed a 16.7% hardware occupancy ceiling on the
RTX 4080 and capped the window size at eight bits, because a wider window’s 2c−1-
entry bucket array would not fit in the 48 KB per-SM shared-memory budget. V2 moved



Chapter 4. GPU Acceleration of MSM – Design and Implementation 48

bucket state to global memory and accepted the trade-off: shared-memory pressure no
longer governs occupancy, the window can be widened to twelve bits with signed-digit
recoding, and the resulting 45,056-entry bucket array is sized by the window configura-
tion rather than by the input. V3 retains V2’s bucket layout but multiplies its footprint
by the slot count: with K = 4 slots each holding their own bucket array, the fixed bucket
overhead grows from 4.33 MB to 17.3 MB. V4’s multi-GPU path inherits V3’s per-device
bucket layout but allocates locally per call, releasing the bucket arrays at the end of each
invocation in exchange for the device-cleanliness properties needed to dispatch safely
across eight devices.

Synchronisation and contention. V1’s bucket-level spinlocks required explicit __

threadfence_block fences to establish release–acquire ordering on the relaxed atomics
of CUDA’s memory model; correctness depended on the fence placement, and con-
tention scaled with the input size. V2 eliminates contention entirely by pre-grouping
contributions through the radix sort: the accumulation phase needs neither locks
nor fences, only intra-warp __syncwarp barriers in the tree reduction and intra-block
__syncthreads barriers in the parallel bucket reduction. V3 adds one host-side stream-
synchronisation barrier per call to ensure all per-slot partials are in place before the
merge kernel launches, but no further on-device synchronisation primitive is required.
V4’s multi-GPU path removes even the host barrier from the per-call critical path: each
Rust worker thread is independent of the others, with no shared device state and no
synchronisation primitive between them; the only coordination is std::thread::join

at the end of the dispatch.

Building-block reuse. The V2 five-kernel pipeline of Section 4.5.1 is the unchanging
building block of the chapter. V3 and V4 do not modify a single kernel within it; what
they modify is the dispatch structure that surrounds it. Likewise, the slot abstraction
introduced in V3 (Section 4.6.2) is reused unchanged in V4’s batch API, which differs
only in what each slot computes. The architectural progression therefore exhibits two
complementary patterns: V2’s per-window logic is the durable centre of the design,
while the dispatch structure surrounding it is the surface on which each subsequent
version makes its contribution.

Versions as a hierarchy, not a competition. The four versions are arranged hierarchi-
cally rather than as alternatives. V2 is the kernel chain that V3 and V4 wrap; V3 is the
per-device pipeline that V4’s multi-GPU path runs on each device; V4’s batch API is the
single-device specialisation invoked when multiple independent MSMs are presented
at once. The single-device V3 path remains in production for inputs that fit comfortably
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on one device, while V4’s multi-GPU path is engaged when n exceeds the working-
memory budget of any single visible device or when the cluster benchmark targets ag-
gregate throughput across all visible GPUs. The thresholds at which each path becomes
preferable are empirical and are reported in Chapter 6.

V2’s per-window logic is preserved in every subsequent version, V3’s slot abstrac-
tion is preserved in V4, and the trajectory taken by the chapter is one of additive dis-
patch layers around an unchanging computational core. The empirical consequences,
namely the regimes of n in which each version dominates and the scaling behaviour of
the multi-GPU path across the StarHPC cluster, are the subject of Chapter 6.
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Chapter 5

Experimental Setup

Chapter 4 presented the GPU implementation and motivated its design choices in terms
of the architectural features of the target platforms. This chapter describes the platforms
themselves as concrete machine configurations, the software stack used to build and run
the implementation, and the methodology by which the empirical results of Chapter 6
were collected. The architectural discussion of Section 4.1, which covers SM counts,
memory hierarchy, and the CUDA execution model, is not repeated here.

Section 5.1 records the deployment role of each hardware platform in the campaign.
Section 5.2 documents the toolchain versions, build configuration, and SLURM dispatch
that constitute the software environment. Section 5.3 describes the input generation,
timing protocol, correctness verification, and the explicit scope of what the reported
numbers measure.

5.1 Hardware Platforms

The empirical campaign uses two distinct machines: a consumer workstation hosting
a single NVIDIA GeForce RTX 4080 and a compute node of Hofstra’s StarHPC clus-
ter equipped with either eight NVIDIA A100 or eight NVIDIA H100 accelerators. The
two platforms span the practical range of hardware available to a Nova prover deploy-
ment, from a single consumer GPU on commodity hardware to an institutional eight-
GPU server with HBM-equipped data-centre accelerators. Full hardware specifications,
including per-device GPU parameters and host CPU configurations, are given in Sec-
tion 3.6 of Chapter 3 and consolidated in Table 3.1; the architectural features that bear
on the kernel design are catalogued in Section 4.1. This section records the role each
platform plays in the benchmark campaign and the additional system parameters (host
memory, operating system, storage) not captured in those references.

5.1.1 Local Workstation

The local workstation hosts a single NVIDIA GeForce RTX 4080 on a PCIe Gen4 ×16
link, paired with 32 GB of DDR5 system memory. Full GPU specifications appear in
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Section 3.6.2; the host CPU (Intel Core i7-13700K) is documented in Section 3.6.1. The
16 GB device memory budget is the binding constraint on the single-GPU input range
and is the reason the partition-count sweep of Section 4.6.5 stops at K = 16 rather than
extending into the larger values that the StarHPC nodes permit.

The workstation runs Ubuntu 24.04.4 LTS with NVIDIA driver 580.126.09 and is
used for two purposes in the campaign: it provides the CPU baseline against which all
single-GPU speedups are reported, and it hosts the V2 and V3 evaluations of Chapter 6.
The cluster results of Chapter 6 are reported against a separate cluster CPU baseline,
since the workstation and cluster CPUs are not directly comparable.

5.1.2 StarHPC Cluster

Hofstra’s StarHPC cluster provides two compute-node classes relevant to this thesis.
The gpu1-class nodes house eight NVIDIA A100 SXM4 accelerators, and the gpu7-class
nodes house eight NVIDIA H100 SXM5 accelerators; both node classes carry 1024 GB of
DDR4 system memory. The two classes have distinct host CPUs: gpu1 uses two AMD
EPYC 7513 processors and gpu7 uses two AMD EPYC 9334 processors, as documented
in Section 3.6.1. Per-device GPU specifications for the A100 and H100 appear in Sec-
tion 3.6.3.

The 80 GB per-device memory budget on either node class lifts the effective in-
put ceiling well above the 16 GB workstation. Single-device runs on a cluster node
can accommodate inputs through n =100M scalar–point pairs before the multi-GPU
path becomes structurally necessary, and the eight-device dispatch extends the reach to
n =200M within a single SLURM allocation. The 1024 GB of host memory accommo-
dates the parallel Rust-side conversion of 100M-point inputs without paging, which is
the reason the parallel par_iter pipeline of Section 4.7.4 is viable at cluster scale.

Storage for the campaign is mounted from the cluster’s shared project filesystem
at /fs1/proj/acceleration_zkp. The benchmark harness, input data, and result logs
reside on this shared filesystem, which is accessible from the login node and from every
compute node in the allocation.

5.2 Software Stack and Build Configuration

5.2.1 Toolchains and Versions

The implementation is a hybrid Rust–CUDA codebase, as described in Section 4.3. The
build pipeline therefore involves two compilers and their associated toolchains. Ta-
ble 5.1 records the versions used for the production cluster build; the workstation build
uses the same Rust toolchain but a separate CUDA installation matched to the consumer
driver.
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Component Version

Rust toolchain 1.91.1 stable
CUDA toolkit (workstation) 12.0 (V12.0.140)
CUDA toolkit (cluster) 12.4.0 (module cuda/12.4.0-gcc-8.5.0-pbcbal4)
NVIDIA driver (workstation) 580.126.09
NVIDIA driver (cluster) 565.57.01
CUB bundled with CUDA toolkit
halo2curves 0.9.0
Nova-gpu fork commit 27ea224
gcc / g++ (CUDA host compiler) 13.3.0 (workstation); 8.5.0 (cluster, via CUDA module)
SLURM 21.08.8-2

TABLE 5.1: Toolchain versions used for the empirical campaign. Cluster-
side versions reflect the modules loaded in the SLURM job script.

The CUDA static library (pallas-gpu) is built via nvcc with the appropriate -

arch=sm_XX flag for the target accelerator: sm_89 for the workstation, sm_80 for the A100
nodes, and sm_90 for the H100 nodes. Each architecture is built separately rather than
relying on a fat binary, which keeps the build artefact small and avoids the launch-time
overhead of JIT compilation on an unanticipated device. Optimisation level is -O3 with
no debug symbols in the production build. The library is then linked into the Rust
crate through build.rs, which discovers the CUDA installation through the CUDA_PATH

environment variable.

5.2.2 Build Targets and Feature Flags

The Rust workspace exposes the GPU implementation behind a Cargo feature flag
(pallas-gpu), as described in Section 4.3.1. With the flag disabled, the build reduces
to the upstream Nova CPU code path and serves as the CPU baseline. With the flag
enabled, the vartime_multiscalar_mul hook for Pallas is redirected to the CUDA
library, and the build additionally compiles and links pallas-gpu.

A second build dimension is the partition count K, which is the compile-time con-
stant MSM_NUM_PARTITIONS defined directly in cuda/pallas_msm.cu as #define MSM_

NUM_PARTITIONS 4. The partition sweep of Chapter 6 requires multiple builds at dif-
ferent K values, since changing K at runtime is not supported. The cluster build or-
chestrates this through a build-time substitution: the SLURM job script, taking the de-
sired K as an exported variable, runs a sed -i replacement against the #define line
in pallas_msm.cu immediately before invoking cargo test –release –no-run, which
triggers build.rs to rebuild the CUDA library against the patched source. The K-sweep
is therefore a sequence of independent source-patch-and-rebuild cycles executed within
the same allocation, each producing an isolated binary with its results written to a per-K
output directory.
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The Rust release profile is used throughout (cargo test –release for the bench-
mark harness). Both crates compile at opt-level = 3, the Cargo release default; LTO
is left at Cargo’s default of off for the top-level Nova-gpu build, so the pallas-gpu de-
pendency’s own lto = true setting has no effect on the linked benchmark binary. The
Rayon thread pool is left at its default size, which is the number of logical CPUs visible
to the process under the SLURM allocation described in Section 5.2.3.

5.2.3 SLURM Job Configuration

Cluster runs are dispatched through SLURM. A single benchmark invocation requests
one compute node with eight GPUs of the targeted class visible to the job, plus a 32-
core slice of the host CPU. Listing 5.1 reproduces the directive block of the multi-GPU
K-sweep job script used in Chapter 6.

1 #!/ bin/bash
2 #SBATCH --nodes =1
3 #SBATCH --ntasks =1
4 #SBATCH --cpus -per -task =32
5 #SBATCH --partition=defq
6 #SBATCH --qos=long
7 #SBATCH --gres=gpu:A100:8 # gpu:H100:8 for H100 runs
8 #SBATCH --mem =512G
9 #SBATCH --time =48:00:00

10

11 # Passed via --export: NUM_PARTITIONS , CUDA_ARCH , GPU_TYPE , OUT_BASE
12 module load cuda /12.4.0 -gcc -8.5.0 - pbcbal4
13 source "$HOME/. cargo/env"
14

15 # Patch the partition count into the CUDA source and rebuild.
16 sed -i "s/# define MSM_NUM_PARTITIONS [0 -9]*/# define MSM_NUM_PARTITIONS

$NUM_PARTITIONS /" \
17 "$PALLAS_DIR/cuda/pallas_msm.cu"
18 cd "$NOVA_DIR"
19 CUDA_ARCH =" $CUDA_ARCH" cargo test --features pallas -gpu --release

--no-run
20

21 # Run the multi -GPU scaling benchmark; results land under
$OUT_BASE/k$NUM_PARTITIONS /.

22 CUDA_ARCH =" $CUDA_ARCH" cargo test --features pallas -gpu --release \
23 -- bench_large_scale_multi_gpu --nocapture --ignored

LISTING 5.1: SLURM directives for an eight-GPU cluster run. The
exported variables (NUM_PARTITIONS, CUDA_ARCH, GPU_TYPE, OUT_BASE)
are passed in by the submission wrapper, which loops over K values and

queues each as a dependent job.
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The –gres=gpu:A100:8 directive (or gpu:H100:8 on the Hopper nodes) ensures that
all eight devices of the targeted class are exposed to the process, which is required by the
multi-GPU dispatcher (Section 4.7.3); a smaller GPU allocation would cause get_gpu_

count() to return a smaller N and silently shrink the partition. The –cpus-per-task=32

directive bounds the host-side Rayon parallelism used by the par_iter pipeline for in-
put conversion. The –mem=512G request is conservative relative to the node’s 1024 GB
but sufficient to hold the largest input (n =200M scalar–point pairs at roughly 96 bytes
each, plus working buffers) without paging. The –qos=long directive together with the
48-hour wall-clock allows the full K-sweep at all input sizes to complete in a single
allocation.

The cluster K-sensitivity sweep of Chapter 6 loops over K ∈ {8, 16, 32, 64, 128}. The
submission wrapper queues five jobs per GPU type as a dependency chain, each run-
ning the listing above with a different NUM_PARTITIONS value and writing its averaged
results to $OUT_BASE/k$NUM_PARTITIONS/avg.txt.

5.3 Benchmark Methodology

5.3.1 Input Generation and Reproducibility

Benchmark inputs consist of two arrays of length n: scalars in Fq (the Pallas scalar field)
and affine points on the Pallas curve. Scalars are drawn by pallas::Scalar::random,
and points by pallas::Point::random followed by an affine projection. Both samplers
route through halo2curves’s standard constructions, which guarantee that every input
point lies on the curve and avoid the cost of a hash-to-curve operation that has no algo-
rithmic purpose in this campaign.

The random-number generator used throughout is rand::rngs::OsRng, which
draws non-deterministic entropy from the operating system. The benchmark therefore
does not produce bit-identical inputs across runs; instead, statistical reproducibility is
obtained by repeating each (n, K, version) configuration over multiple iterations and
reporting the mean. Variance across iterations on a quiescent node is empirically small
relative to the speedup ratios of interest, as discussed in Section 5.3.4.

Inputs are generated once per n within a benchmark invocation and reused across all
warmup and timed iterations at that n. Regenerating the input on every iteration would
dominate the measured wall-clock time at small n and obscure the GPU’s contribution.
The generation cost itself is not part of any reported timing.

5.3.2 Warmup, Averaging, and Correctness Verification

Every (n, K, version) configuration is benchmarked with the protocol shown in List-
ing 5.2, taken from bench_cpu_vs_gpu in src/provider/pallas_gpu.rs. The warmup
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and timed counts are chosen per benchmark function: the small-n workstation bench-
mark uses two warmup iterations and five timed iterations; the workstation large-scale
benchmark uses one warmup and three timed iterations; the multi-GPU cluster sweep
uses three warmup and five timed iterations. The warmup runs prime CUDA’s lazy-
initialisation pathways (context creation, kernel module load, first-touch memory allo-
cation), warm the host-side allocator, and bring the cluster filesystem cache into a steady
state. Timed iterations are summarised by their arithmetic mean, which is reported in
Chapter 6; the individual per-iteration latencies are retained in the result log for vari-
ance analysis.

1 let scalars: Vec <pallas ::Scalar > = (0..n).map(|_|
2 pallas :: Scalar :: random (&mut OsRng)).collect ();
3 let bases: Vec <pallas ::Affine > = (0..n).map(|_|
4 pallas ::Point:: random (&mut OsRng).to_affine ()).collect ();
5

6 for _ in 0.. warmup {
7 let _ = msm(&scalars , &bases);
8 let _ = vartime_multiscalar_mul (&scalars , &bases);
9 }

10

11 let mut cpu_ms = Vec::new();
12 for _ in 0.. runs {
13 let t = Instant ::now();
14 let _ = msm(&scalars , &bases);
15 cpu_ms.push(t.elapsed ().as_secs_f64 () * 1000.0);
16 }
17

18 let mut gpu_ms = Vec::new();
19 for _ in 0.. runs {
20 let t = Instant ::now();
21 let _ = vartime_multiscalar_mul (&scalars , &bases);
22 gpu_ms.push(t.elapsed ().as_secs_f64 () * 1000.0);
23 }
24

25 // One correctness check per input size , after the timing loops.
26 let cpu_result = msm(&scalars , &bases);
27 let gpu_result = vartime_multiscalar_mul (&scalars , &bases);
28 assert_eq !( cpu_result.to_affine (), gpu_result.to_affine (),
29 "Mismatch at n={}", n);
30

31 let ca = cpu_ms.iter().sum::<f64 >() / runs as f64;
32 let ga = gpu_ms.iter().sum::<f64 >() / runs as f64;

LISTING 5.2: Benchmark protocol per input size, taken verbatim
from bench_cpu_vs_gpu. Warmup iterations are discarded; the timed
iterations are averaged. A single correctness check follows the timing

loop and aborts the benchmark on mismatch.
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Correctness verification is performed once per input size, after the timing loops com-
plete: a final CPU MSM and a final GPU MSM are computed on the same input and
their affine forms are compared for pointwise equality. A mismatch aborts the bench-
mark and is treated as a correctness regression. The check is outside the timing loop
so that the assertion’s own overhead does not perturb the per-iteration measurements;
because the GPU and CPU paths are both deterministic with respect to their input, a
single post-hoc check is sufficient to certify that every iteration of either path on that
input produced the same result.

5.3.3 Per-Phase Timing Instrumentation

Two timing modes are used. The default mode measures end-to-end wall-clock time
from Rust FFI entry to FFI return, which is the latency observed by a Nova prover and
is the figure of merit for the speedup comparisons in Chapter 6. The wall-clock mea-
surement includes the host-side Rayon conversion of inputs into the FFI representation
(Section 4.3.2), the host-to-device transfers, the kernel chain, the device-to-host transfer
of the result, and the deserialisation of the projective result into a halo2curves type.

The per-phase mode instruments the CUDA library with paired cudaEventRecord

calls at the entry and exit of each kernel stage of the four-phase pipeline (Section 4.2.4),
with an additional pair around the host-to-device transfer and the device-to-host trans-
fer. The events are queried after the timed kernel chain has fully synchronised, which
means they do not perturb the kernel execution but do introduce a small per-call se-
rialisation cost that the default mode avoids. Per-phase results are therefore reported
separately and are not directly comparable to the wall-clock figures; they exist to at-
tribute time within a phase, not to compete with the end-to-end measurement.

For the V3 multi-stream and V4 multi-GPU configurations, the per-phase mode ag-
gregates events across streams or devices into a single per-phase total by recording the
maximum elapsed time across the parallel units. This reflects the critical-path interpre-
tation expected for a parallel pipeline: the slowest unit determines the phase boundary.

5.3.4 What Is and Is Not Measured

The reported timings include everything that lies on the critical path of a Nova prover
invocation of vartime_multiscalar_mul: host-side input conversion, host-to-device
transfer, the four-phase pipeline, device-to-host transfer of the result, and Rust-side
deserialisation. They do not include input generation, the CPU reference computation
used for correctness checks, file I/O, SLURM-imposed wait times, or the one-time cost
of CUDA context initialisation on the first call after process start. The 12 ms per-call
allocation cost described in Section 4.3.3 is included in the V4 multi-GPU figures
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because it appears on every call in that mode; it is excluded from the V2 and V3 figures
because those modes amortise allocation through the persistent pool.

For the multi-GPU configuration, the entry of vartime_multiscalar_mul_multi_

gpu and the return from the final std::thread::join bound the reported wall-clock
time, which includes the host-side projective merge but excludes the conversion of the
merged result back to affine standard form.

Variance across timed iterations is summarised in Chapter 6 as a single global sta-
bility bound rather than per-row, since speedup claims are only as meaningful as the
stability of the underlying measurements. The full per-configuration variance figures
are retained in the result logs and serve to identify iterations dominated by unrelated
system events (a background process, a filesystem flush) that should be discarded.
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Chapter 6

Results and Analysis

This chapter reports the empirical evaluation of the implementation described in Chap-
ter 4 using the methodology of Chapter 5. The presentation is organised by the platform
on which each measurement was collected. Section 6.1 reports the single-GPU cam-
paign on the RTX 4080 workstation, including the CPU-versus-GPU speedup curves,
per-phase bottleneck attribution, and the V3 partition-count sweep. Section 6.2 isolates
the contribution of individual optimisations through controlled ablations. Section 6.3
reports the single-device cluster results on the StarHPC A100 and H100 nodes. Sec-
tion 6.4 reports the eight-device scaling behaviour of the V4 multi-GPU dispatch, which
delivers the headline result of the campaign. Section 6.5 synthesises the findings into a
set of platform selection guidelines.

All speedups in Sections 6.1 and 6.2 are reported relative to the workstation’s Intel
i7-13700K CPU baseline, computed via Nova’s local Pippenger implementation (nova_
snark::provider::msm::msm) on the same input. Cluster speedups in Sections 6.3
and 6.4 are reported relative to the StarHPC node’s AMD EPYC 7513 CPU baseline,
measured under the same SLURM allocation (Section 5.2.3) that gives the CPU pool
32 worker threads. Each reported figure is the arithmetic mean of the configuration’s
timed iterations after its warmup iterations (counts given in Section 5.3.2), with the
per-iteration latencies retained in the underlying logs but suppressed from the tables for
legibility. Variance was below 7% (coefficient of variation across measured iterations)
for every configuration with n ≥ 500K; at smaller n a one-off CPU outlier raised the
cluster-side CPU CV to 15.7% at n =100K, but no GPU configuration exceeded the 7%
envelope.

6.1 Local GPU Results (RTX 4080)

6.1.1 CPU vs. GPU Speedup Across Input Sizes

The single-GPU campaign measures V2 and V3 against the CPU baseline across eight
input sizes spanning three orders of magnitude, from n =100K to n =20M scalar–point
pairs. The upper limit reported in this campaign is 20M; the empirical OOM cutoff at
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K = 4 on the RTX 4080’s 16 GB device is at approximately n = 22M (n = 25M aborts
with cudaErrorMemoryAllocation). Table 6.1 reports the headline timings.

n CPU (ms) V2 (ms) V2 speedup V3 (ms) V3 speedup

100K 59.4 19.7 2.91× 26.9 2.28×
200K 106.1 28.7 3.73× (V2 max) 39.2 2.68×
500K 235.8 66.5 3.55× 62.1 3.79×

1M 427.7 130.1 3.31× 104.6 4.06×
2M 779.4 260.6 2.99× 175.1 4.45×
5M 1,759.5 590.0 2.97× 390.2 4.53×

10M 3,438.7 1,127.2 3.07× 724.6 4.71×
20M 6,786.3 2,199.2 3.09× 1,379.8 4.91× (V3 max)

TABLE 6.1: RTX 4080 wall-clock times and speedup over the i7-13700K
baseline. V3 uses K = 4.

Three structural observations follow from the speedup curve. First, GPU acceler-
ation is already productive at the smallest measured size; V2 reaches 2.91× and V3
reaches 2.28× at n =100K. The crossover at which the GPU’s overhead would equal
the CPU’s compute time lies below the campaign’s smallest evaluated n, and is not di-
rectly measured here; in practice, the integration of Section 4.3.1 preserves the CPU path
through the feature flag for the sub-100K regime where the dispatch overhead would
dominate.

Second, V2’s curve is non-monotonic on the RTX 4080: the speedup peaks at 3.73×
near n = 200K and then settles at roughly 3× across the rest of the range. V2’s single-
stream pipeline saturates one CUDA stream early — the warp-per-bucket accumulation
phase becomes bandwidth-bound on the RTX 4080’s 716.8 GB/s link well before the
largest input sizes — and additional inputs do not yield additional GPU utilisation, so
the wall-clock grows linearly while the speedup over the still-improving CPU baseline
stays flat.

Third, V3’s curve grows monotonically from 2.28× at n =100K to 4.91× at n =20M,
the V3 maximum on this hardware. V3 overtakes V2 from n =500K onward; below that,
V3’s per-slot sort efficiency loss (Section 4.6.5) outweighs the stream-level concurrency
benefit. The widening V3-vs-V2 gap at large n reflects the partition design’s success
at hiding host-to-device latency behind concurrent kernel chains, which is the design’s
central claim. Figure 6.1 visualises this behaviour.

6.1.2 Per-Phase Bottleneck Analysis

Per-phase instrumentation (Section 5.3.3) was collected at a representative middle-of-
range input size of n =10M, where V3 is closest to its peak speedup. Table 6.2 reports
the breakdown for V2 and V3 in absolute milliseconds and as a percentage of end-to-end
time.
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FIGURE 6.1: RTX 4080 wall-clock (left log axis, solid lines with filled
markers) and speedup over CPU (right axis, dashed lines with hollow
markers) against n. V2 peaks at 3.7× near 200K; V3 grows monotonically

to 4.9× at 20M.

Phase V2 (ms) V2 % V3 (ms) V3 %

Host-side conversion (Rayon) 32.15 26.1% 30.30 30.6%
H2D transfer 6.77 5.5% 1.74 1.8%
Montgomery + scalar recode 0.87 0.7% 0.20 0.2%
Pair generation 0.40 0.3% 0.10 0.1%
CUB radix sort 1.30 1.1% 0.29 0.3%
Boundary finding 0.20 0.2% 0.00 0.0%
Warp-per-bucket accumulation 78.13 63.4% 37.91 38.2%
Parallel bucket reduction 0.80 0.6% 3.56 3.6%
Window combination 2.57 2.1% 3.63 3.7%
Result conversion + D2H 0.00 0.0% 21.40 21.6%

End-to-end (wall) 123.18 100% 99.15 100%

TABLE 6.2: Per-phase breakdown at n = 1M on the RTX 4080. V3 reports
the slowest of four streams; not directly comparable to Table 6.1’s wall

times.

The breakdown identifies the warp-per-bucket accumulation as the dominant on-
device phase: 63.4% of V2’s end-to-end time at n = 1M and 38.2% of V3’s, in both cases
more than an order of magnitude larger than any other GPU phase. The CUB radix sort,
contrary to the conventional wisdom that places it as a primary cost in sort-based MSM,
accounts for only 1.1% (V2) and 0.3% (V3) of end-to-end time at this size, validating the
design decision to use one large sort over 32M pairs rather than per-bucket sorts. The
lever that would most directly reduce end-to-end time on this hardware is therefore
the accumulation phase’s L2 cache footprint (Section 4.5.5), not the sort. The host-side
Rayon conversion (26% V2, 31% V3) is the second-largest cost on the workstation; its
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Configuration Time (ms) Speedup vs. CPU

Workstation: RTX 4080 vs. i7-13700K (24 threads)
CPU baseline 3,438.7 1.00×
V2 (sort-based, single-stream) 1,127.2 3.07×
V3 (K = 4, partitioned streams) 724.6 4.71×

Cluster: A100 vs. EPYC 7513 (32 threads)
CPU baseline 4,409.6 1.00×
V3 single-A100 (K = 8) 811.2 5.43×
V4 8× A100 (K = 8) 424.5 10.39×

TABLE 6.3: Cumulative cross-version speedup at n = 10M. The two
blocks use different CPU baselines because they run on different hard-

ware tiers; speedups within each block are directly comparable.

dominance reflects the i7-13700K’s modest 24-thread budget and shrinks to a smaller
fraction on the EPYC cluster where 32 threads absorb the same work in less wall-time
relative to the GPU’s improved kernel throughput.

V3’s per-phase attribution differs from V2’s not in the per-stream cost of any phase,
since the kernels are unchanged, but in the proportion of those costs that overlap with
each other. The host-to-device transfer of slot i runs concurrently with the kernel chain
of slot i− 1 once the dispatch loop reaches steady state, which is the primary mechanism
through which V3 recovers the time that V2 leaves on the table.

6.2 Optimisation Impact Breakdown

6.2.1 Contribution of Each Design Stage

The implementation reached its production form through four numbered design stages,
presented in Chapter 4: V1 (shared-memory spinlock baseline, Section 4.4), V2 (sort-
based pipeline, Section 4.5), V3 (partitioned concurrent streams, Section 4.6), and V4
(multi-GPU dispatch on top of the V3 per-device pipeline, Section 4.7). Each stage is
a distinct codebase rather than an internal toggle, so the ablation reports the cumula-
tive speedup attributable to each design step at the n = 10M reference size. Table 6.3
summarises the progression on the workstation; V4 is reported separately because it
requires multi-GPU hardware unavailable on the workstation tier.

Three observations follow. First, the largest single contribution on the workstation is
the V1→V2 redesign: replacing the spinlock-based shared-memory accumulator with a
sort-based pipeline lifts the speedup from V1’s 1.84–2.15× regime (Section 4.5) to V2’s
3.07×. The redesign exchanges fine-grained synchronisation for one large O(n log n)
sort, and the GPU sort hardware absorbs that cost more efficiently than the spinlock’s
serialisation absorbed contention. Second, V2→V3 adds a further 1.55× on the work-
station by overlapping the four per-device pipelines through CUDA streams, with no
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n K = 2 K = 4 (prod) K = 8 K = 16

1M 89.4 87.8 105.7 147.5
10M 749.1 649.5 598.3 604.0
20M 1,414.5 1,205.4 1,095.8 1,083.0

TABLE 6.4: V3 wall-clock (ms) vs. partition count K on the RTX 4080. The
bolded cell per row is the per-n optimum: K = 4 at 1M, K = 8 at 10M,

K = 16 at 20M.

kernel-level changes; the gain is pure concurrency. Third, V3→V4 on the cluster adds a
1.91× multiplier by spreading the input across eight devices, with the dispatcher con-
tributing only host-side merge cost (microseconds at this n). The composition of all
three steps reaches 10.39× at n = 10M on the cluster and grows further at larger n
(Section 6.4.1, peak 17.89× at n = 100M).

6.2.2 Partition Count Sensitivity

The V3 partition count K is the only design parameter exposed by Section 4.6.5 as
platform-tunable on the consumer GPU. Table 6.4 reports the K-sweep on the RTX 4080
at three representative input sizes.

The sweep refines the structural argument of Section 4.6.5: the optimal K on the
RTX 4080 is not constant but shifts upward with n. At n = 1M each slot’s CUB sort
already operates near its small-input efficiency floor, so additional partitioning erodes
more sort efficiency than it recovers in stream concurrency, and K = 4 is the optimum.
At n = 10M and n = 20M the per-slot sort is large enough that further halving still
amortises its launch cost, and the additional concurrency is the dominant term: K = 8
is the optimum at 10M (598.3 ms, 7.9% over K = 4) and K = 16 is the optimum at 20M
(1,083.0 ms, 10.2% over K = 4). Notably the prior expectation that K = 16 at n = 20M
would exhaust the 16 GB device budget did not hold empirically; the run completes
successfully because the per-slot variable buffers shrink with K and the fixed bucket
overhead of K × 4.33 MB (≈ 69 MB at K = 16) is small relative to the input buffers.
The production default of MSM_NUM_PARTITIONS = 4 is therefore optimal for the small-n
regime but leaves measurable headroom on this hardware at n ≥ 10M; an adaptive K
schedule would recover that headroom without harming the small-n case.

6.3 Cluster Results (A100 & H100)

6.3.1 Single-Device Cluster Timings

A single A100 or H100 differs from the RTX 4080 along three relevant axes: substantially
larger device memory (80 GB versus 16 GB), more streaming multiprocessors (108 or 132
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n EPYC CPU (ms) A100 (ms) A100 speedup H100 (ms) H100 speedup

1M 554.4 167.8 3.30× 145.1 3.82×
10M 4,409.6 811.2 5.44× 928.5 4.75×
50M 20,035.8 3,389.8 5.91× 3,885.8 5.16×

100M 39,639.9 6,438.3 6.16× (peak) 7,803.4 5.08× (peak)

TABLE 6.5: Single-device V3 wall-clock (ms) on A100 and H100 vs. the
32-thread EPYC 7513 baseline.

versus 76), and substantially higher memory bandwidth (2 TB/s for A100, 3 TB/s for
H100, versus 716.8 GB/s). The first axis extends the practical input range; the second
and third reduce the absolute time at any given n. Table 6.5 reports the single-device
cluster results across the extended input range.

Two observations follow. First, the EPYC CPU baseline at the cluster is competitive
with the i7-13700K workstation baseline at the same n. The SLURM allocation gives
the cluster job 32 worker threads (Section 5.2.3), which exceeds the workstation’s 24-
thread budget but does not exploit the EPYC’s full per-node thread count; the cluster
CPU baseline is therefore representative of the deployment configuration rather than of
the EPYC’s peak parallel capacity. Cluster speedup ratios are computed against this 32-
thread cluster baseline. Reporting both baselines explicitly avoids the false impression
that the cluster GPUs are weaker than the workstation GPU; the divisor has changed,
not the dividend.

Second, contrary to the architectural expectation that the H100’s higher memory
bandwidth (3.0 TB/s versus 2.0 TB/s) should yield up to a 1.5× end-to-end advantage,
the measured single-device times show the H100 only outperforming the A100 at the
smallest input (n = 1M, where H100 is 1.16× faster) and lagging the A100 from n = 10M
upward by a roughly constant 1.15–1.21× margin. The combined end-to-end ratio at
the headline single-device size of n = 100M is approximately 0.83× (i.e. A100 is faster).
This inversion is consistent with the per-phase attribution of Section 6.1.2: the dominant
warp-per-bucket accumulation phase is latency- rather than bandwidth-bound at the
partition sizes used here, so the H100’s bandwidth advantage does not translate into
proportional speedup, while the A100’s slightly more mature driver pipeline appears
to absorb host-orchestration costs more evenly. The H100 retains a kernel-level edge
for the bandwidth-bound sort and accumulation kernels in isolation, but not for the
end-to-end Pippenger pipeline at the input sizes evaluated.

6.3.2 Cluster Partition-Count Sweep

The larger device memory of the cluster GPUs lifts the K-sweep range from {2, 4, 8, 16}
to {8, 16, 32, 64, 128}. Table 6.6 reports the sweep at the cluster’s middle-of-range input
size of n =50M on a single A100.
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K = 8 K = 16 K = 32 K = 64 K = 128

3,443.1 3,389.8 3,673.2 4,041.0 4,559.1

TABLE 6.6: K-sweep on a single A100 at n =50M. K = 16 is optimal
(bold), 1.6% over K = 8.

The shift in optimum from the workstation to the cluster reflects the same two-sided
trade-off described in Section 4.6.5, with both sides shifted. The upper bound on K
from memory pressure is relaxed (80 GB versus 16 GB), and the lower bound from sort-
efficiency loss is partially relaxed because the cluster GPUs have more SMs to absorb the
parallelism of each shrunken sort. The empirical optimum is therefore K = 16, which
delivers 3,389.8 ms versus K = 8’s 3,443.1 ms — a 1.6% improvement at n = 50M. The
improvement is small in absolute terms but consistent with the analytical prediction;
values above K = 16 degrade monotonically (a 32% regression at K = 128), confirming
that the per-slot sort efficiency loss eventually dominates even on a 108-SM A100.

6.4 Multi-GPU Scaling

The V4 multi-GPU dispatch of Section 4.7.3 runs the per-device V3 pipeline on all visible
GPUs and sums the projective partials on the host. The number of devices N ranges
from one to eight on a single StarHPC node. The scaling behaviour across this range is
the headline result of the campaign.

6.4.1 Headline V4 Performance Across the Full Input Range

Before decomposing the eight-device speedup along the device-count and input-size
axes (Sections 6.4.2 and 6.4.3), Table 6.7 reports the production configuration’s wall-
clock time and speedup over the EPYC CPU baseline at every input size in the cluster
campaign. The configuration is V4 with K = 8 partitions per device on 8× A100; the
single-A100 column is included for reference and shows the marginal benefit of the
multi-GPU dispatch over the best single-device configuration at the same n.

The 8-GPU speedup curve (Figure 6.2) climbs monotonically through the input
range and plateaus near the 17.89× peak from n = 100M onward, as the per-device
kernel work begins to dominate the host orchestration overhead. Below n = 1M the
multi-GPU dispatch is unproductive: the per-device launch and merge costs exceed the
CPU’s time on its own modest workload, and the curve sits below 2×. Between n = 5M
and n = 50M the speedup grows from 8.85× to 14.61× as the per-device pipelines
amortise their per-call overhead. The crossover at which the dispatch becomes worth-
while in absolute terms (8-GPU faster than CPU by more than the host-side overhead)
is at approximately n = 200K.
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n EPYC CPU (ms) 1× A100 (ms) 1-GPU spd 8× A100 (ms) 8-GPU spd

100K 69.5 66.5 1.05× 56.0 1.24×
200K 129.8 87.5 1.48× 71.3 1.82×
500K 292.0 210.2 1.39× 103.4 2.82×

1M 554.4 167.8 3.30× 166.9 3.32×
2M 994.7 240.9 4.13× 228.5 4.35×
5M 2,394.5 469.0 5.10× 270.5 8.85×

10M 4,409.6 811.2 5.43× 424.5 10.39×
20M 8,356.7 1,464.3 5.71× 617.3 13.54×
50M 20,035.8 3,443.1 5.82× 1,371.3 14.61×

100M 39,639.9 6,626.9 5.98× 2,215.4 17.89× (peak)
200M 77,184.2 N/A — 4,389.8 17.58×

TABLE 6.7: Production V4 (K = 8) on 1× and 8× A100 across the cluster
campaign. CPU is the 32-thread EPYC 7513; 200M exceeds single-A100

memory.
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Devices (N) Time (ms) Speedup vs. 1 GPU Parallel efficiency Speedup vs. CPU

1 6,626.9 1.00× 100% 5.98×
2 4,433.1 1.49× 75% 8.94×
4 3,066.1 2.16× 54% 12.93×
8 2,215.4 2.99× 37% 17.89× (headline)

TABLE 6.8: V4 strong scaling at n =100M on the A100 node; efficiency is
speedup divided by device count.

Figure 6.3 reports the same comparison in absolute wall-clock terms. The CPU base-
line grows nearly linearly in n (slope close to 1 in log–log space), reflecting the EPYC’s
bandwidth-bound traversal of the bucket array as n scales. The 8× A100 line grows
more slowly, because additional input is absorbed by the per-device pipelines without
proportional increase in wall time once the per-call overhead is amortised. The gap be-
tween the two lines is the headline: at n = 200M the CPU takes 77.2 s while 8× A100
finishes in 4.4 s, a 17.6× wall-clock reduction.
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FIGURE 6.3: Absolute wall-clock comparison: 32-thread EPYC CPU vs.
8× A100 (V4, K = 8) across n. The diverging gap reaches 17.6× at n =

200M.

6.4.2 Strong Scaling at Fixed Input Size

Table 6.8 reports the wall-clock time and parallel efficiency of the V4 dispatch at a fixed
input size of n =100M on the A100 node. Strong scaling holds the problem size constant
and measures how the time decreases as devices are added.

The dispatch attains a maximum end-to-end speedup of 17.9× over the EPYC CPU
baseline with all eight A100 devices engaged, the headline result of this thesis. The
decomposition of that figure across the scaling curve carries the interpretive load: the
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by definition and falls to ∼37% (35%) for A100 (H100) at N = 8.

speedup over a single A100 is sub-linear in N, reflecting the host-side costs that do not
parallelise across devices. The parallel data conversion (Section 4.7.4) executes once
regardless of device count and does not benefit from additional devices; the projec-
tive merge cost grows linearly in N, though it remains in the microsecond range; and
per-device PCIe transfers must share host memory bandwidth, which can limit con-
currency at high N. The combined effect is a parallel efficiency of approximately 37%
at eight devices: respectable for a dispatcher with no inter-device communication, and
consistent with the architectural argument of Section 4.3.4 that the bottleneck shifts from
per-device kernel work to host orchestration as N grows.

6.4.3 Weak Scaling and the Multi-GPU Threshold

Strong scaling is the right framing for a Nova prover that issues a fixed-size MSM at
every folding step, but a complementary weak-scaling perspective clarifies when the
multi-GPU dispatch becomes mandatory rather than optional. Section 4.7.1 identified
n ≈100M as the threshold above which a single 80 GB cluster device cannot accommo-
date the per-MSM intermediate state. Below this threshold, the multi-GPU dispatch is
an optimisation; above it, the multi-GPU dispatch is the only path that runs at all.

The largest inputs in the campaign, n =200M, exercise the multi-GPU dispatch in its
mandatory regime. Table 6.9 reports the eight-device wall-clock time and the speedup
over the EPYC CPU baseline at the campaign’s three largest sizes.
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n EPYC CPU (ms) 8× A100 (ms) Speedup vs. CPU

50M 20,035.8 1,371.3 14.61×
100M 39,639.9 2,215.4 17.89× (headline)
200M 77,184.2 4,389.8 17.58×

TABLE 6.9: V4 on 8× A100 at the campaign’s largest sizes; n =200M is
multi-GPU-only.

6.5 Cross-Platform Comparison and Platform Selection Guide-
lines

The combined results across Sections 6.1 through 6.4 permit a comparative framing of
when each platform is the appropriate target for a Nova prover deployment. Table 6.10
summarises the guidance.

Input regime Recommended platform Rationale

n < 100K CPU only (extrapolated) Below the campaign’s smallest
measured size; GPU dispatch
overhead is expected to dom-
inate at the sub-100K regime
where the CPU’s last-level cache
holds the bucket array.

100K ≤ n < 10M Single consumer GPU
(RTX 4080-class)

V3 reaches 4.06× over the i7-
13700K baseline at n = 1M;
multi-GPU adds dispatch over-
head without proportional ben-
efit.

10M ≤ n < 100M Single data-centre GPU
(A100/H100 single-device)

Workstation memory budget is
becoming binding; cluster band-
width lowers absolute time.

n ≥100M Multi-GPU cluster (V4 multi-
device dispatch)

Single-device memory budget is
exhausted; the V4 dispatch is
the only configuration that runs
at all.

IPA prover round
(two MSMs)

Single GPU with V4 batch API Two left/right commitments
overlap on slots 0 and 1; no
multi-GPU needed for the
typical IPA size.

Many independent
provers

Multi-GPU with one prover per
device

Inter-device dispatch with no
inter-device communication;
embarrassingly parallel.

TABLE 6.10: Recommended hardware tier by input size n; thresholds are
campaign-specific.

Three closing observations qualify the table. First, the boundaries listed are
crossover points observed in this campaign and not universal constants. A future
driver release, a different host CPU, or a different curve will shift them. Second, the
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recommendation table treats hardware availability as unconstrained; in practice, a
Nova deployment that has access only to a workstation will run the workstation config-
uration regardless of input size, and the feature-gated build of Section 4.3.1 makes that
fallback automatic. Third, the multi-GPU dispatch’s headline 14× figure is achieved
relative to the 32-thread EPYC CPU baseline configured by the SLURM allocation
(Section 5.2.3). Against a weaker CPU baseline, the same dispatch would report a
correspondingly higher speedup ratio without any change in absolute wall-clock time;
the figure is therefore architecture-relative rather than absolute, and the wall-clock
numbers in Table 6.9 are the durable measurement of the campaign’s contribution.
cutoff in
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Chapter 7

Conclusion

This thesis has presented a comparative performance analysis of multi-scalar multipli-
cation acceleration for the Pallas elliptic curve, evaluated across a CPU baseline, a single
consumer GPU, and a multi-GPU HPC cluster. The implementation integrates with the
Nova folding-scheme prover through a feature-gated substitution at Nova’s commit-
ment trait, leaving the upstream codebase otherwise unmodified, and the GPU pipeline
itself proceeds through four architectural design points whose empirical contributions
have been quantified in Chapter 6. This closing chapter summarises what the thesis
claims to have contributed, identifies the limitations of the work as it stands, and out-
lines the directions in which it can be extended.

7.1 Summary of Contributions

The thesis makes four contributions, ordered from the most concrete to the most general.
The first is a production-quality GPU implementation of multi-scalar multiplication

for the Pallas curve, integrated into a fork of the Microsoft Research Nova reference
implementation through the DlogGroupExt trait. The implementation is feature-gated,
allowing direct A/B comparison against the upstream CPU code path through a single
Cargo flag, and is structured as two composable components: a pallas-gpu crate (a
Rust wrapper that builds and statically links the CUDA kernel library) and a Nova in-
tegration layer, which together isolate proof-system-agnostic logic from system-specific
dispatch. The pallas-gpu crate can in principle be linked into any Rust project requiring
Pallas MSM.

The second is the architectural progression itself, documented in Chapter 4 as four
design points. V1 establishes the upper performance bound of shared-memory bucket
layouts at 16.7% hardware occupancy on the RTX 4080, attaining approximately 2.05×
over the CPU baseline before being retired in favour of V2, which lifts bucket state into
global memory and replaces per-bucket spinlocks with sort-based pre-grouping using
CUB radix sort over 12-bit signed-digit windows. V3 adds partition-based concurrent
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streams that overlap the V2 kernel chain across K partitions of the same MSM. V4 gen-
eralises the dispatch in two directions: a batch API that exposes proof-system-level con-
currency to the device on the IPA L/R workload, and a multi-GPU extension that par-
titions input across all visible devices, runs an independent V3 pipeline per device, and
merges projective partials on the host without inter-device communication. The per-
window logic of V2 is preserved unchanged through both subsequent versions, which
makes the dispatch progression an additive rather than a replacement structure.

The third is a multi-GPU dispatch model whose safety properties are inde-
pendently of interest. The transition from a persistent-pool memory model to
per-call allocation (Section 4.3.3) was driven by an observed correctness failure
(cudaErrorMemoryAllocation on the second multi-GPU call after a single-GPU run had
populated device 0), not by a performance argument. The resulting design, in which
each multi-GPU worker thread operates on its own thread-local slot pool and the only
inter-thread coordination is std::thread::join, is portable to any Rust application
requiring concurrent per-device CUDA dispatch and is independent of the Nova
integration in which it was developed.

The fourth is the empirical campaign summarised in Chapter 6. The headline fig-
ures, namely an early-design 2.05× V1 speedup, a 3.7× V2 speedup (peak at n = 200K),
a 4.9× V3 speedup at n = 20M over the consumer-CPU baseline on the RTX 4080, and
a 17.9× V4 speedup at n = 100M over the cluster-CPU baseline on an eight-device
A100 node, position the implementation among the published GPU-accelerated MSM
implementations for prime-order curves of cryptographic interest. The platform selec-
tion guidelines of Section 6.5 map the empirical results onto deployment-time hardware
decisions, and are directly applicable to any Nova-based prover that targets the Pallas
curve.

7.2 Limitations and Future Work

The scope of the thesis is bounded along several axes, each of which suggests a corre-
sponding extension.

Curve specialisation. The implementation targets the Pallas curve specifically and
uses field-arithmetic primitives from halo2curves that are specialised to the Pallas base
field. Extending the work to a second curve, most naturally to BN254 (which ap-
peared in earlier development under the same Pippenger superstructure) or to BLS12-
381, would test whether the architectural choices documented in Chapter 4 generalise
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across curves of different word size, security level, and base-field structure. The four-
phase pipeline and the V2 sort-based kernel chain are curve-agnostic in their algorith-
mic structure; only the field-arithmetic primitives and the choice of window width
would need to be revisited.

Proof-system specialisation. The thesis evaluates MSM in the context of Nova’s fold-
ing scheme and its IPA prover round. The same implementation could be evaluated
against the MSM call patterns of Halo 2, Plonky2, or HyperPlonk [35]–[37], where the
per-call input size distribution and the number of MSMs per proof differ from Nova’s
profile. The batch API of Section 4.7.2 is designed to absorb such differences without
modification to the per-window logic, but its empirical advantage has been measured
only on Nova’s L/R commitment pair.

Profiler-driven verification. Section 4.5.5 introduced the single-array layout with
arithmetic negation as a design choice motivated by an L2 cache pressure argument,
but the underlying L2 hit rate has not been verified through Nsight profiling. A
complete characterisation would either confirm the design rationale empirically or, in
the event of a measurable hit-rate degradation, identify the parameter regime in which
the dual-array layout (with its 2n memory footprint and branched load path) would be
preferable. The cluster GPUs’ larger L2 capacities make the question more interesting at
scale than it is on the workstation, since the favourable layout depends on the working
set fitting in the cache.

Optimisation paths not pursued. The CUB-based accumulation alternative discussed
at the close of Section 4.5.5 is a documented future direction. The layout would re-
place the global-memory bucket array with a shared-memory bucket array sized below
the SM budget, processed in batches whose intermediate sums are merged in global
memory after each batch completes. Initial estimates place the speedup at 3–5× over
the current global-memory layout, contingent on confirming that the merge cost does
not erase the on-chip locality gain. The work is well-defined but was not undertaken
within the scope of this thesis. A related avenue is the adoption of warp-shuffle intrin-
sics (__shfl_down_sync) in the warp-level tree reduction; Section 4.5.7 noted that the
projective point representation does not pack cleanly into shuffle-sized registers, but a
partial packing of single field elements during the reduction may still be profitable.

Multi-node extension. The multi-GPU dispatch of Section 4.7.3 scales to all devices
visible within a single SLURM allocation, which on the StarHPC cluster is eight GPUs
on a single compute node. A multi-node extension would require either MPI for inter-
node coordination or NCCL for inter-node collective reductions, both of which were
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explicitly out of scope for this thesis (Section 4.3.4). The single-node dispatch achieves
its safety properties precisely because no inter-device communication occurs; introduc-
ing inter-node communication would re-introduce the cross-thread coordination that
the per-call allocation model was designed to avoid, and would require a correspond-
ing redesign of the dispatch contract.

End-to-end prover benchmarks. Chapter 6 reports MSM-level speedups, which is the
appropriate granularity for evaluating an MSM acceleration kernel. The corresponding
end-to-end Nova prover speedups, in which the MSM acceleration is composed with
Nova’s witness construction, Fiat–Shamir transcript handling, and folding logic, are
observable in principle by running the full prover under the pallas-gpu feature flag,
but were not collected as part of the campaign. The MSM-to-total-prover-time ratio re-
ported by [22] and others suggests that the end-to-end speedup will be smaller than the
MSM speedup by a factor that depends on the proof’s witness size and folding depth,
but a measured figure is the appropriate way to settle the question for any specific de-
ployment scenario.

Closing remark. The architectural pattern that emerged from this thesis, namely an
unchanging per-window kernel chain wrapped in progressively coarser dispatch lay-
ers, is suggestive of how GPU acceleration of cryptographic primitives might evolve
more broadly. The hard work is in the inner kernel, where the structural constraints of
the GPU’s execution and memory models cannot be papered over; the dispatch layers
that follow extract parallelism the inner kernel does not itself expose, and they com-
pose cleanly precisely because they do not modify the kernel. Whether this pattern
generalises to other cryptographic primitives, to other accelerator classes, or to other
distributed-systems configurations is an empirical question that the present work has
not attempted to answer, but the framework it establishes is one in which that question
can usefully be posed.
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